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Abstract 
The research presented in this dissertation establishes a micro-CMM parallel 
manipulator as a viable positioning device for three degree of freedom micro 
measurement applications. The machine offers the advantages associated with 
parallel kinematic manipulators, such as light carrying weight, high stiffness and 
no accumulation of errors, while avoiding some of the traditional disadvantages of 
parallel manipulators such as the associated effects of angular errors (Abbé error), 
singularity problems, work space limitation and the extensive use of spherical 
joints. 
In this dissertation, the direct position kinematic solution is developed analytically 
and the solution of the inverse position kinematic is solved numerically. A 
workspace analysis has been performed. A fully functional prototype 
demonstrator is fabricated to demonstrate this machine. While the demonstrator 
was not intended to achieve submicron accuracy, it was intended to validate the 
error models. Computer controlled measurement is developed and used to position 
the probe and to record measurements. 
A reliable kinematic error model based on the theory of error propagation is 
derived analytically. A numerical method is used to verify the analytical results. 
Comparison shows that the results of the error model, both analytical and 
numerical, represent a very good match and follow the same trend. 
The kinematic position model is validated using a conventional CMM. Results 
show that an average difference of less than 0.5 mm over a set of 30 points is 
achieved. This result of the micro-CMM demonstrator measurements falls within 
the error budget of approximately 0.75 mm estimated by the proposed analytical 
error model. 
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Opsomming 
Die navorsing in hierdie tesis vestig ‘n mikro-CMM parallelle manipuleerder as ‘n 
lewensvatbare posisioneringstoestel vir drie vryheidsgraad-mikrometing 
toepassings. Die masjien bied voordele geassosieer met parallelle kinematiese 
manipuleerders, bv. ligte dra-gewig, hoë styfheid en geen ophoping van foute nie. 
Die tradisionele nadele van parallelle manipuleerders soos die geassosieerde 
gevolge van hoekfoute (Abbé fout), enkelvoudigheidsprobleme, 
werkspasiebeperking en die uitgebreide gebruik van sferiese koppelings word 
vermy. 
In hierdie tesis word die direkte posisie kinematiese oplossing analities ontwikkel 
en die oplossing van die omgekeerde posisie kinematies word numeries opgelos. 
‘n Werkspasie analise is uitgevoer. ‘n Ten volle funksionele prototipe 
demonstrasie-model is vervaardig om hierdie masjien te demonstreer. Die model 
is nie vervaardig om submikron akkuraatheid te bereik nie, maar eerder om 
foutmodelle geldig te verklaar. Rekenaar-beheerde metings is ontwerp en gebruik 
om die toetspen te posisioneer en om metings te neem. 
‘n Betroubare kinematiese foutmodel gebaseer op die teorie van foutvoortplanting 
is analities afgelei. ‘n Numeriese metode word gebruik om die analitiese resultate 
te bevestig. Vergelyking toon aan dat die resultate van die foutmodel, beide 
analities en numeries, goeie pasmaats is en dieselfde tendens volg. 
Die kinematiese posisie model word geldig verklaar deur gebruik te maak van ‘n 
konvensionele CMM. Resultate wys dat daar ‘n gemiddelde verskil van minder as 
0.5 mm oor ‘n stel van 30 punte behaal word. Die resultate van die mikro-CMM 
model se metings val binne die foutbegroting van ongeveer 0.75 mm geskat by die 
voorgestelde analitiese foutmodel. 
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CHAPTER 1:  Introduction 
 
 
Introduction 
 
 
1.1 Introduction 
Engineers and scientists are constantly striving to measure distances more 
accurately. It is integral to our ability to produce products that are more 
sophisticated. The accuracy to which we can measure depends directly on the 
distance being measured. In manufacturing, these accuracies must be achieved in 
three dimensions, i.e. the measurement system must be capable of moving around 
the object and measure distances in any direction. At macro scale (roughly a few 
millimetres to a meter), it is now possible to measure within 0.001 mm (or 
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1 micron). The currently available measurement technologies for dimensional 
metrology can be divided into the following principles [1]: 
• Interferometric solutions 
• Microtopography measuring instruments 
• Scanning electron microscopy (SEM) 
• Micro and nano coordinate measuring machines 
• Other techniques 
Interferometry is basically a one dimensional measuring system, usually systems 
with multiple interferometers are used to benefit from its nm range of 
measurement uncertainty and accuracy. Even though the microtopography 
instruments provide three dimensional surface topography measurement, its 
capability is limited in the vertical axis for a high aspect ratio features. SEM 
devices can easily achieve micrometre and manometer region, they are commonly 
used to inspect 2D objects. The problem with SEM is the limitation to measure 
3D objects with deep channels, cavities, holes and side walls.  
The conventional coordinate measurement machines (CMM) have the ability to 
move a probe in three dimensions and take 3D measurements at macro scale. At 
the other end of the spectrum there are 3D measurements to nanometre accuracy 
such as the AFM, but then the range is a fraction of a millimetre. 
There is a gap for measurement systems that can measure in 3D over a distance of 
up to 100 mm to an accuracy of much better than a micron but not quite at 
nanometre level. This limitation is due to either lack of accuracy or probing 
system [1]. 
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Method of measurement can be chosen based on the aspect ratio of the object to 
be measured. Aspect ratio of a structure is defined as the depth divided by its 
width. 2D techniques can measure features with aspect ratio below 1. Features 
with aspect ratio greater than 1 are referred to as 2½D. Measurements of features 
of free-forms, deep holes, channels and cavities are called 3D [1]. Figure 1 shows 
a classification of these major techniques based on the feature size [2]. 
Figure 1: Classification of metrology measuring devices, depicted from [2]. 
The meso scale referred to on the vertical axis is typically the 100 mm range in 
any three dimensional direction, Figure 1 show that none of the reviewed 
techniques are capable of characterization of full three dimensional features with 
less than 1 micro meter accuracy. The figure further illustrates the need to achieve 
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precision better than 100 nm. These machines are called micrometrology 
coordinate measurement machines (micro-CMM). The development of micro-
manufacturing (i.e. manufacturing in the same dimensional range and accuracy) 
has driven this demand. 
There are already a number of commercially available machines that operate in 
this range. However, as the analysis of the commercially available systems in 
section  2.12 will show, they either lack in range or accuracy. 
In this research the author is proposing a novel design of such machines that 
overcome certain fundamental problems that existing systems have, such as 
workspace limitation, effect of angular errors and singularity problems. Therefore 
it is anticipated that these systems will come closer or even achieve the goal of a 
true micro-CMM. 
1.2 Objectives, motivation and contributions of the thesis 
A high precision and high accuracy micro-CMM, at a lower cost than traditional 
machines, will be introduced for the measurement of part dimensions in micro 
scale. The design is considering a completely new system module, including the 
structure for a better stiffness and stability, reduction of Abbé error, the position 
of the probe will be determined using a mathematical module, and the distances 
will be measured using laser distance sensors feedback. 
The work envelope of the measuring range of the machine is around 100 mm x 
100 mm x 100 mm, and aimed to achieve resolution in the submicron regime. 
Linear motors and laser distance sensors are to be used to drive the stage and 
feedback the position to the control. 
The primary objective of this research can be broken down in to the following 
points:   
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 Derive an efficient measuring model to accurately determine the relative 
position of the probe in Cartesian coordinates. 
 Develop the control algorithm and add a friendly user interface to control 
the machine. 
 Suggest a reliable error modelling technique to estimate and analyse the 
errors, and to help reducing measurement errors. 
 Build a fully functional prototype for the micro-CMM to prove the design 
concept.  
 And eventually, validate the kinematic and error models through set of 
experiments. 
1.3 Organization of the thesis 
Chapter 1 includes a brief introduction, and the objectives of the study. 
Chapter 2 presents a background to micrometrology and terminology 
identification in micro-measurement. A literature review of the available 
machines, measuring techniques and methods of error modelling is included. 
Chapter 3 describes the design and structure of the novel micro-CMM used in the 
study. Coordinate system and workspace analysis are discussed in detail. 
In Chapter 4, the derivation of the measurement model is presented, and the 
solutions to the inverse and direct models are discussed. Moreover, error 
modelling is also derived and discussed.  
In Chapter 5 the implementation of the computer control system is described in 
detail, and the user interface and the hardware and software used in this study are 
discussed. 
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The machine is characterized, its geometrical parameters are identified in 
Chapter 6.  
The results of the analytical kinematic error model are obtained and verified 
numerically in Chapter 7.  
Chapter 8 presents the initial prototype of the machine and gives a comparison 
with the improved novel micro-CMM. 
Chapter 9 offers the conclusions drawn after conducting the confirmation and 
validation measurements. It concludes with recommendations for improvement of 
the micro-CMM design and models. 
Appendix A presents the detailed design drawings of the proposed mico-CMM. 
Appendix B presents the Python codes for the inverse and forward kinematic 
models as well as the analytical error model and Monte-Carlo simulation. The 
data measurement and the results of the error modelling are tabulated in 
Appendix C. The specifications and data sheets of the instruments and devices 
used in the machine are listed in Appendix D. 
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CHAPTER 2:  Background and 
literature review 
 
Background and literature review 
 
 
2.1 Introduction to micrometrology 
The micro-measurement machines are used for inspection and quality controlling 
of objects with dimensions normally less than 100 mm, A good example of these 
objects is microelectromechanical systems (MEMS), usually such objects have 
micro scale features, an example of such MEMS are the parts used in small 
electronic devices like cell phones, optical scanners and automobile airbags. The 
machining, assembly, inspection and quality controlling of these devices require 
high positioning accuracy. It is very important for MEMS producers to accurately 
meet high manufacturing standards. 
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The technology of micrometrology measurement has received much attention in 
research during the past two decades to fill the gap between the ultrahigh precise 
measurements of nanometrology and macrometrology [3]. The major challenge of 
the micro-measurement machines is to provide accurate measurements in the 
submicron level. 
Generally, micro-measurement technology can be divided into two main 
categories, non-contact (optical and laser-based systems) measurement technique, 
and contact probing measurement techniques. The main advantage of the contact 
probe machines is their capability of measuring deep narrow holes and peek 
around edges. Contrary the non-contact technologies, such as white light 
interferometer, confocal microscope, holographic microscope, scanning probe 
microscope, etc., such devices cannot measure side walls or steep surface, even 
though, they facilitate the measurement of surfaces in the submicron range easily 
[2]. 
The ball tip of the contact probe must be perfectly spherical, more importantly 
they must be manufactured as small as possible and should be sensitive to very 
small contact forces. During the last decade a number of probes has been 
developed to be used with contact probing machines [4], [5].  
2.2 Terminologies used in metrology 
The most common fundamental terms of identifying the capability performance of 
a positioning system can be summarized as follows: 
2.2.1 Measurement uncertainty  
There is no guaranteed perfect measurement. Every measurement must be 
accompanied by the associated uncertainty. The guide to the expression of 
uncertainty in measurement (GUM), is the definitive document on this subject [6].  
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Uncertainty of measurement is a non-negative value associated with a 
measurement that reflects the doubt of the measured quantity. Uncertainty value 
can be estimated by quantifying the measured data to estimate the confidence 
about the results. 
According to Feng, et al. [7] the uncertainty estimation for CMM measurements 
can simply be a prediction by an experienced operator. 
2.2.2 Resolution of a measuring machine 
Resolution is commonly defined in literature as the smallest increment can be 
controlled of a system to create a positional change [8]. The overall accuracy of 
micro measurement machines are primarily limited by the accuracy of the 
instruments used in its parts, mainly the probing systems [9]. 
2.2.3 Precision of a measurement 
Precision is a term that represents the relation between the spread of the measured 
data to the true value of these measurements [10]. Precision is also called 
repeatability if determined under the same methods and using the same equipment 
by the same operator. Reproducibility is also the precision of measurements 
determined using same methods by different equipment and operators [11]. 
2.2.4 Accuracy of a measurement 
Accuracy is a qualitative term representing the closeness degree of the mean of 
the measurements to its true value [10]. Prior knowledge of the exact value must 
be available to determine the accuracy. It is easier to achieve high resolution and 
precision than accuracy [8].  
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Figure 2 below illustrates the difference between precision and accuracy; the 
centre points of the circles represent the actual value of the measurement. 
 
 
Figure 2: Difference between accuracy and precision. 
(a): the measurements are neither accurate nor precise, measured data 
are scattered all around the true value. 
(b): the measurements are accurate but not precise, measured data are 
close to the true value but not close to each other. 
(c): the measurements are precise but not accurate, measured data are 
close to each other but all are not close to the true value. 
(d): the measurements are accurate and precise, measured data are 
close to the true value and also very close together 
(c)        (d)  
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2.2.5 Measurement traceability  
Measurement traceability is a term used to represent the method of determining 
the accuracy and precision of the CMM. The National Institute of Standards and 
Technology (NIST) defined traceability of measurement as as: "Traceability of 
measurement requires the establishment of an unbroken chain of comparisons to 
stated references each with a stated uncertainty" [12]. 
2.3 Micrometrology and micro-CMMs 
The micrometrology requirements of high accuracy and resolution for 
determining the 3D measurements of fine parts of MEMS are beyond the 
capabilities of conventional CMMs [13]. That urged the need for ultrahigh precise 
measurement technologies, bearing in mind that the design of conventional 
CMMs cannot be scaled down to micro-CMM as the accuracy of the accuracy of 
the mechanical parts always remain in micrometre domain [13]. 
Micro machines can provide a very high degree of precision and they consume 
much less energy than a regular machine. These characteristics make micro 
machines popular in many industrial fields. 
During the period of late 90‘s and mid 2000‘s number of micro-CMMs have been 
introduced, such as the nano-CMM which was developed in 1998 by Takamatsu 
[14], small CMM in 2003 by NPL [15], nanopositioning CMM in 2004 by 
Hausottee and Jager [16], micro-CMM by Fan [17] and Liang in 2004 [18]. The 
micro-CMM have become a hot topic of research. 
Wang [19] listed a general comparison of specifications of the measurement 
accuracy and resolution of the micro-CMM compared to the available 
conventional macro-CMM, in Table 1. 
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Table 1: Comparison between macro-CMM and micro-CMM machines [19]. 
Specification Conventional CMM Micro-CMM 
Size of machine (mm
3
) 1000x900x1200 300x300x400 
Weight of machine (Kg) 1000 40 
Measuring range (mm
3
) 600x500x400 20x20x10 
Resolution (nm) 1000 30 
Accuracy (nm) 3000 50 
Min probe diameter (m) 500 50 
Min contact force (mN) 100  0.05 
 
Isara (IBS Precision Engineering) is available in the market for ultra-precision 
measurements; it comprises a moving product table and a metrology frame with 
thermal shielding on which three laser sources are mounted [20], the working 
envelope is 100 mm x 100 mm x 40 mm, and it can reach uncertainty of 109 nm 
in 3D. The F25 micro-CMM (Carl Zeiss) is another product, with working 
envelope of 100 mm x 100 mm x 100 mm, and can provide uncertainty of less 
than 250 nm [21]. Moreover, the AI-Hexapod of Alio industries has a work 
envelope of 15 mm to 200 mm with resolution of 5 nm [22]. PI (Physik 
Instrumente) produced hexapods for high precision linear travel range of up to 
100 mm with actuator resolution of up to 5 nm [23]. Further, the National 
Physical Laboratory (NPL) is currently conducting research on the probe so that 
measurements accuracy can be improved [24]. 
2.4 Scale factor 
The ratio between measuring range and accuracy is known as the scale factor, see 
Figure 3. In precision measurement this ratio is around 10
-4
. This scale factor can 
be achieved by conventional measuring methods within the macro and nano scale, 
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while a gap between nano and macro scale measurements exists in the scale 
interface [15]. 
 
 
Figure 3: Scale factor over scale interface [26]. 
2.5 Type of CMM mechanisms 
The first CMM was introduced in 1959 by the British company Ferranti 
metrology group, (currently International Metrology Systems Ltd IMS) [27]. 
Since then the CMMs quickly evolved in the mid 1960‘s. In the early 1970‘s with 
the introduction of the touch trigger probe by Renishaw, the use of CMMs started 
to rapidly attract attention by manufacturing companies. There are two 
fundamental concepts for the movement of the probe; serial and parallel 
mechanisms [28]. 
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2.5.1 Serial CMMs 
Here, all the links are connected to each other like a chain. This chain is as strong 
as its weakest link. The links are normally arranged in a way that is orthogonal to 
each other to create three axes. The probe location is determined, typically in 
micrometre precision, by reading the travel distance of each axis. If one link 
causes a measurement error, it is directly propagated through the entire system. 
There will also be an accumulation of errors, since it is impossible to make a link 
with zero error contribution. Figure 4 shows a photograph of a conventional 
CMM from Mitutoyo. 
 
 
Figure 4: Photograph of a conventional CMM from Mitutoyo. 
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2.5.2 Parallel CMM arrangement 
The alternative to serial mechanisms is parallel mechanisms. Unlike the open-
chain structure of the serial mechanisms, parallel manipulators consist of several 
links connected in parallel to create a closed-chain structure. Generally parallel 
manipulators consist of a moving platform and a fixed base, connected by several 
links. Each link is directly connected to the probe; therefore there is no 
accumulation of errors. This, and the fact that these systems are normally stiffer 
that equivalent serial mechanisms, are the factors that lead researchers around the 
world to believe that this layout will bring a breakthrough in micro-CMM design. 
The probe position is determined by solving the relatively complex kinematics of 
the closed chain mechanism. 
Obviously, there are some other difficulties with using parallel mechanisms; 
otherwise they would have been more widely used. With this study the author 
believes that at least some of these problems can be overcome with the proposed 
micro-CMM. Figure 5 show a typical parallel manipulator CMM. 
 
Figure 5: Photograph of a typical parallel manipulator CMM [29]. 
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Micro machines have attracted a renewed interest in introducing and developing 
new types of parallel kinematics machines [30], [31]. Parallel Kinematic 
Manipulators (PKM) were extensively studied as micro positioning and machining 
structures [32 – 34]. For instance, Liu [35] has developed a micro parallel 
manipulator, Harashima [36] has introduced an integrated micromotion system, a 
micro parts assembly system, Zubir [37] presents a high-precision micro gripper 
that was designed by Bang [38]. Moreover, Gilsinn [39] worked on developing a 
scanning, tunnelling microscope using macro-micro motion system. 
2.6 Classification of parallel manipulators 
Using the enumeration theory of basic kinematic chains given by Tsai [40] it is 
possible to enumerate the parallel manipulators according to the arrangement of 
their kinematic chains that constrain an end-effector [41]. The most common basic 
joints used in parallel mechanisms are arranged in an increasing order of degrees of 
freedom shown in Table 2. 
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Table 2: Basic joints commonly used in PKMs [42]. 
Joint type Description Symbol DOF 
Prismatic 
 
P 1 
Revolute 
 
R 1 
Cylindrical  
 
C 2 
Universal 
 
U 2 
Spherical 
 
S 3 
 
2.7 3-DOF parallel manipulators 
Parallel mechanisms are usually presented by their number of DOF of the end-
effector, usually between 2 and 6-DOF. The DOF of a manipulator can be 
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translational only, rotational only or mixed DOF. In the following some of the 
common 3-DOF manipulators will be presented. 
Manipulators with translation 3-DOF are widely used for pick-and-place and 
machining operations. The most famous robot of this type is a mechanism that was 
first described in 1942 by Pollard [43], further improvements were done by Clavel 
by introducing the UPR type Delta robot [44], see Figure 6. 
 
 
Figure 6: Industrial version of the DELTA robot,  
the FlexPicker IRB 340 (from ABB). 
 
The Orthoglide robot is another robot which was developed by Wenger [45] for 
machine tool application, the arrangement of its joints is of the PRR type, where a 
parallelogram is used for the connection between the revolution joint in each link, 
see Figure 7. 
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Figure 7: The Orthoglide robot [45]. 
Another 3-DOF manipulator was introduced by Kong [46] which included 
cylindrical joints in its kinematic links CRR, where the translational movement of 
the C joints are actuated, see Figure 8. 
 
Figure 8: The 3-CRR robot of Kong [46]. 
Figure 9 show a very popular 3-DOF with pure translational motion proposed in 
1996 by Tsai [47], which belong to the 3-UPU manipulator type. 
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Figure 9: Tsai's translation parallel manipulator [47]. 
Di Gregorio [48] proposed a pure rotational parallel manipulator, the moving 
platform is connected by three RUU legs in parallel, and Hereve [49] added an 
improved version of the same 3-RUU manipulator type, see Figure 10. 
 
Figure 10: Two different designs for the 3-RUU manipulator type. 
Many other structures have been proposed by Fong and Tsai as wrist: 3-RRS, 3-
CRU, 3-UPC, 3-CRC [50], Di Gregorio also proposed 3-RSR [51]. A 
comprehensive list of different manipulators is covered by Kong [46]. 
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2.8 Parallel vs. Serial CMMs 
The major advantages of parallel mechanisms as compared to their serial 
counterparts can be summarised as:  
Firstly, higher accuracy, since its moving components are more strongly related 
and errors are not cumulative and amplified. Secondly, they have higher structural 
rigidity than the serial CMMs, since the end-effector is simultaneously carried by 
several legs in parallel. Lastly, they carry lighter moving mass, as the location of 
all the actuators and motors are in the base close to the end effector, allowing it to 
function at a higher speed and with greater precision [52]. Therefore, parallel 
robots are suitable for applications in which high speed, high positioning accuracy, 
and a rapid dynamic response are required. 
Another advantage of the PKM is that the solution of the inverse kinematics 
equations is easier. However, the problems concerning kinematics and dynamics of 
parallel robots are as a rule more complicated than those of serial one.  
The main disadvantage of parallel CMMs is the limited workspace [53 – 55], and 
the difficulty of their motion control due to singularity problems [52], [56]. Many 
researchers studied the singularity problem and workspace analysis of some planar 
parallel mechanisms [57], [58]. 
As PKM are used for more difficult tasks, control requirements increase in 
complexity to meet these demands. The implementation for PKMs often differs 
from their serial counterparts, and the dual relationship between serial and parallel 
manipulators often means one technique which is simple to implement on serial 
manipulators is difficult for PKMs (and vice versa). Because parallel manipulators 
result in a loss of full constraint at singular configurations, any control applied to a 
parallel manipulator must avoid such configurations. The manipulator is usually 
limited to a subset of the usable workspace since the required actuator torques will 
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approach infinity as the manipulator approaches a singular configuration. Thus, 
some method must be in place to ensure that the manipulators avoid those 
configurations.  
In PKMs deformations caused by gravitation forces has very significant effect due 
to the non-constant stiffness of the structure within the workspace. In contrast, for 
serial kinematics machines the deformation can be considered constant in the entire 
workspace and therefore it can easily be automatically compensated in the 
calibration. 
2.9 Error sources 
The positioning accuracy of parallel mechanisms is usually limited by many errors, 
some authors identified the errors affecting the precision of parallel mechanisms as 
follows [52], [59 – 61]: manufacturing errors, assembly errors, errors resulting 
from distortion by force and heat, control system errors and actuators errors, 
calibration, and even mathematical models. These errors should be divided into 
two main sources, static errors for those not dependent on the dynamics and 
process forces, and dynamic errors for errors due to the movement and measuring 
method [62]. 
2.9.1 Static errors 
A high static accuracy is a basic requirement for any micromeasuring machine. 
Obviously the actual geometry of any machine does not match exactly its design. 
These differences may cause small positional changes of the probe. The machine 
then must be properly calibrated to identify its geometric parameters. Any 
manufacturing and assembly errors of the machine components, especially the 
joints, will introduce kinematic errors [63]. Sensor errors are caused by angular 
errors of the actuator (Abbéy‘s effect) and bending load caused by the weight of 
the actuator itself [64]. The kinematic errors can be drastically reduced by proper 
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manufacturing and assembly of the machine parts and sensors. Previous studies 
showed the influence of joint manufacturing and assembly on the positioning error 
[52], [65]. Moreover, Huang et al. [66] studied the assembly errors and used 
manual adjustable mechanisms to control assembly errors. The elastic 
deformations of the machine structure due to the flexibility of machine components 
could lead to gravitational errors, a numerical control unit can be used to 
compensation for the gravitation errors. Moreover, thermal errors should be 
considered as another source that significantly affects the accuracy due to the 
thermal deformations and expansion of the legs. Thermal errors can be reduced by 
compensating for the resulting thermal deformation of the components using a very 
complex thermal model [67]. 
Tsai [68], Raghavan [69], Abderrahim and Whittaker [70] have studied the 
limitations of various modelling methods. 
2.9.2 Dynamic errors 
These types of errors are dependent on the configuration of the machine. Dynamic 
errors occur only during operating the machine and depend on the velocity, the 
acceleration and the forces applied on the end effector. The main sources are 
friction, wear and backlash occurring in the joints and actuators and deflection in 
the legs. Additionally, elastic deformations of the machine kinematics through 
process forces or inertial forces and natural vibrations of the machine can be 
another sources of dynamic errors.  
Static errors are claimed to have the most significant effect on the machine 
accuracy [67]. Nevertheless, in high precision micro-CMMs the positional error of 
dynamic sources must be considered. Pierre [71] showed that the operation and the 
performance of the sensors significantly affect the precision of the manipulator. 
Hassan analysed the tolerance of the joints [72]. 
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The performance of micro-CMMs in terms of accuracy and precision is influenced 
by numerous error parameters that require effective error modelling methods [65], 
[73]. Moreover, the error models are of great importance in order to evaluate the 
machine and understand the effect of the different parameters. Forward solution for 
error analysis was also covered [74 – 76]. 
2.9.3 Abbé error 
Abbé error is a very common error in measurement. It can be illustrated with the 
measurement of a ball‘s diameter. The diameter is defined through the centre of 
the ball, but it is impossible to place a ruler there. Therefore, one may use a setup 
as shown in Figure 11, where two parallel plates are placed next to the ball. The 
distance between the plates are then measured some distance away from the ball. 
If one of the plates is misaligned, as shown on the right hand side of the image, 
the measurement is wrong. 
 
 
Figure 11: Abbé error illustrated.  
Often, this error is unavoidable. Gantry system CMM‘s inherently has this 
problem. The error can only be avoided if the measurement of the probe‘s 
movement is taken directly from some fixed reference, to the centre of the probe 
tip. 
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2.9.4 Measurement and movement loops 
The structural loop of the machine gives a figure of the possible influence on the 
stiffness and error budget. The precision and stiffness of a machine can be 
enhanced if the loop that connects the probe with the work piece through all the 
elements is closed loop [77].  
The electrical motors on CMM‘s all dissipate heat that is detrimental to high 
precision measurement. There are also vibrations and variable loads on the motor 
axes. Therefore it is advisable to not measure on the same axis where the 
movement of the system happens. That will minimise the effect of the movement 
on the measurement loops. A typical measurement loop is shown in Figure 12. 
Clearly, any disturbance along the measurement loop will cause errors. A similar 
loop can be defined for the movement. 
 
Figure 12: Illustration of a measurement loop. 
It is the connected elements consisting of the gantry arms, the probe, the object 
and the CMM platform. The loop is shown in red. 
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2.10 Kinematic modelling 
Parallel mechanism modelling is usually divided in literature into two divisions 
namely kinematic or geometric models and the dynamic model [78]. 
The position kinematic model mathematically describes the relations between 
joint coordinates and the probe position and orientation. The change in the probe‘s 
pose is defined with respect to the reference coordinate system. While the 
dynamic model provides a relation between the probe‘s acceleration, velocity, 
coordinates and the influence of forces such as inertia, gravity, torque and non-
geometric effects such as friction and backlash. 
In 1986 Fichter [79] determined the equations to obtain the leg lengths, directions 
and moments of the legs and derived these equations for the Stewart platform. 
Later in 1990, Merlet [80] developed the Jacobian matrix, derived the dynamic 
equations and determined the workspace of general parallel manipulators. In 
general, the first step in solving the initial position is to create the forward and 
inverse position kinematic model by setting the non-linear equations that relate 
the manipulator variables and the probe pose, then in the next step the non-linear 
equation system can be solved using analytical or numerical methods or even 
graphical methods in simple mechanisms. 
The position kinematic model can be solved by direct or inverse kinematics, 
depending on the input and output variables. 
A Direct Position Kinematic Model (DPKM) is used to calculate the pose of the 
probe, given the values for the mechanism. 
An Inverse Position Kinematic Model (IPKM) is used to calculate the 
mechanism‘s variables for a pose of the probe, 
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A differential kinematic model is usually used to determine singular 
configurations or to control the mechanism. 
A Direct Differential Kinematic Model (DDKM) is used to obtain the velocity of 
the end-effector, given the joint velocities. 
Inverse Differential Kinematic Model (IDKM) is used to obtain the joint 
velocities, given the velocity of the end-effector. 
Several studies have focused on solving the inverse kinematics of PKM either 
geometrically [81], analytically [82] or applying the Denavit-Hartenberg (D-H) 
model [83]. The use of analytical methods is complex, given that the chains share 
the same unknown factors; therefore, the solutions are usually found using 
numerical algorithms. In rather simple systems geometric methods can be used. 
Rao [84] proposed the use of a hybrid optimization method starting with a 
combination of genetic algorithms and the simplex algorithm. However, for 2-
DOF system applying an analytical solution can be more efficient. 
In literature many methods have been developed to obtain a mathematical model 
to solve the direct kinematics of parallel mechanisms. This model determines the 
roots of one equation, representative of the direct position analysis, in only one 
unknown. Innocenti et al. [85] solved the direct position analysis and found all the 
possible closure configurations of a 5-DOF parallel mechanism, in [86] the same 
authors analyzed a 6-DOF fully parallel mechanism. The developed method finds 
out all the real solutions of the direct position problem of a 6-DOF fully parallel 
mechanism. Merlet [87] suggested using sensors to solve the direct model and 
demonstrated that the measurement of the link lengths is not usually sufficient to 
determine the unique posture of the platform, and that this posture can be obtained 
by adding sensors to the mechanism. Sensors can be added by locating rotary 
sensors in the existing passive joints or by adding passive links whose lengths are 
measured with linear sensors. 
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2.11 Parallel machine calibration 
According to the international vocabulary of basic and general terms in metrology 
(VIM), the calibration is definition as: A ―Set of operations under specified 
conditions, that establishes the relation between the quantity of values obtained by 
a reference to measurement standards and the measurement result that would be 
obtained using the measuring machine‖ [11]. 
The most common reference standards used in CMM calibration are step gauges 
and ball plates. These reference standards have also to be calibrated regularly 
[88]. 
The calibration could be achieved measuring several mechanism configurations 
and identifying its respective kinematic parameters. Calibration can be done using 
model-based approaches and numerical approaches. Hollerbach et al. [89] 
obtained numerical calibration using the least squares method. Daney [90] used 
methods based on analysis of intervals to certify the calibration of PKM 
numerically. 
The model-based calibration strategies can be classiﬁed into three types: external 
calibration, constrained calibration and self-calibration. 
The self-calibration methods of parallel kinematics generally make use of a 
number of extra sensors on the passive joints. The number of sensors must exceed 
the number of degrees of freedom (DOF) of the mechanism. Each pose can be 
used as a calibration pose. These calibration methods are usually of low cost and 
can be performed inline. Yang et al. [91] used the approach of redundant sensors 
to calibrate the base and tool by adding one or more sensors on the passive joint in 
an appropriate way to allow the algorithm to be applied. Singularity based self-
calibration method is presented by Last et al. [92]. Parallel mechanisms can be 
calibrated with this technique only if they have singularities of the second type 
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within their workspace. The advantages of this method are that it does not require 
any calibration equipment and it gets redundant information from particular 
characteristics in singular configurations. 
Constrained calibration methods are based on constraining the mobility during the 
calibration process. The idea is to keep some geometric parameters constant such 
as restricting the movement of the moving platform or the motion of any joint, as 
a result the number of DOF of the mechanism is decreased. The main advantage 
of these methods is they do not require extra sensors [78]. 
The calibration methods with external measuring systems is the most frequently 
used methods. In these methods, the information is obtained using external 
devices. External calibration can be divided in four categories: (1) calibration 
using vision based devices for the measurements, (2) the mobility restriction 
approach, (3) the redundant leg approach, and (4) the adapted device of 
measurement approach [93]. 
Independently of the method chosen, the calibration process is typically carried 
out using following steps [78], [94]: 
 The first step is always the development of a suitable kinematic model to 
provide a model structure and nominal parameter values. 
 The second step is data acquisition of the actual position of the moving 
platform through a set of end-effector locations that relate the input of the 
model to the output determination. 
 The next step is the identification of the model parameters based on the 
collected data by using a numerical method to obtain the optimum values 
of all the parameters included in the model to minimize the platform 
position error. 
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 Final step is to identify the error sources and the modelling and 
implementation of the kinematics compensation models. These methods 
have been widely studied because of the advantages of these mechanisms. 
The results at the end of the calibration process are usually given as a certificate 
where the machine readings and the reference values can be compared. 
2.12 Available systems on the market 
The best system is possibly the F25 by Zeiss. Table 3 shows the measurement 
range, accuracy of a variety of systems. Most of these systems use a gantry system 
to move the probe; therefore they are all serial manipulators and suffer from the 
associated problems. The exceptions are the TriNano and Renishaw systems. The 
TriNano system keeps the probe stationary and moves the object platform. 
However, this range is limited. The Renishaw system is a parallel mechanism 
moving the probe. However, its accuracy is not in the micrometrology range and 
the system suffers significant Abbé errors. The systems from Physik Instrumente 
and Alio Industries are not measurement systems, but parallel mechanism that can 
in principle carry a probe. They are only included in the table to show what state 
of the art parallel mechanisms are capable of. Also, it may be noted that none of 
the systems achieves the goal of 100 mm range in all directions with an accuracy 
of better than 0.1 m. Microtomography (MicroCT) uses X-rays to create a virtual 
model using cross-sections of the 3D-object.  
A comprehensive on-line list of links to websites to manufacturing companies, 
laboratories as well as to research and development centres in the field of parallel 
kinematic machines can be accessed in this website: www.parallemic.org. 
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Table 3: Existing commercial micrometrology systems [95]. 
Technology Company Model 
Range [mm] Resolution 
[m] 
Accuracy 
[m] Lat Vert 
MicroCT Micro Photonics SkyScan 1172 50 70 5  
MicroCT Micro Photonics SkyScan 1173 140 150 5  
MicroCT Micro Photonics SkyScan 1174 32 50 50  
MicroCT Scanco CT 50 50 120 30  
MicroCT Scanco CT 100 100 120 30  
MicroCMM Zeiss F25 100 100 0.0075 0.25 
MicroCMM Mitytoyo UMAP 302 
245x 
200 
200 0.01 2.49 
MicroCMM Mitytoyo UMAP 350 
295x 
350 
125 0.01 2.7 
MicroCMM Panasonic UA3P-300 30 20  0.15 
MicroCMM Panasonic UA3P-4 100 35  0.3 
MicroCMM Panasonic UA3P-5 200 45  0.3 
MicroCMM Panasonic UA3P-L 100 50  0.15 
MicroCMM SIOS NMM-1 25 5 0.0001  
MicroCMM ISARA CMM 100 40  0.03 
MicroCMM ISARA 400 400 100  0.1 
Parallel 
Mechanism 
Physik 
Instrumente 
M-850 100  ±1  
Parallel 
Mechanism 
Alio Industries AI-TRI-HR8  100 0.005  
Parallel 
Mechanism 
Alio Industries AI-HEX-HR8  105 0.005  
MicroCMM TriNano N100 90 5  
0.14 + 
L/1000 
MicroCMM TriNano N300 90 5  
0.3 + 
L/1000 
MicroCMM Renishaw Equator 300 300 150 0.2 2 
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CHAPTER 3: Novel Micro-CMM design 
and construction 
 
Novel Micro-CMM design and 
construction 
 
 
3.1 Introduction 
In this chapter, the design of the novel micro-CMM is described in details, the 
structure, parts, instruments and devices used in the machine are also described. 
Major advantages and disadvantages are highlighted.  
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3.2 Machine design 
The micro-CMM designed in this research consists of a moving tetrahedron 
structure with its main vertex pointing downwards. The edges of this frame are 
carried by three runner blocks where they can slide freely. The runner blocks are 
connected to the actuated prismatic joints with spherical joints. Moreover, laser 
distance sensors are installed on the edges of the moving frame in order to acquire 
accurate measurements of the length of the legs. The movement of the prismatic 
joints are controlled by three linear motors. A 3D view and a top view of the 
machine are shown in Figure 13. Moreover, a schematic drawing is given in 
Figure 14.  
 
 
Figure 13-a: 3D view of the micro-CMM design. 
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Figure 13-b: Top view of the micro-CMM design. 
 
 
Figure 14: Schematic drawing of the micro-CMM machine. 
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The arrangement of this micro-CMM provides movement in 3 degrees of freedom (3-
DOF), translation in z direction, rotation around x axis, and rotation around y axis. Full 
design drawings are given in Appendix A. 
3.3 Description of the novel micro motion manipulator 
The key to this concept is using a fixed tetrahedron. This can be seen in Figure 13. 
The three coloured beams are the sides of the tetrahedron, these beams are 
configured in a typical parallel layout where they meet in the middle at the probe 
platform, and they are the measurement arms. The arms cannot move relative to 
each other as they together form one part. This makes it different from any of the 
known concepts. Laser distance sensors are mounted below these beams. The 
lasers intersect at the centre of the probe ball. Since the tetrahedron is fixed, the 
lasers will always point directly at the probe centre. That means, in theory, that 
there will be no Abbé error. The probe is moved by moving the linear motors up 
and down. This movement repositions the entire tetrahedron, and thus the probe as 
well. The motors are also not mounted on the measurement arms, thus they do not 
interfere with lasers.  
3.3.1 Machine components and structure 
a. Frame and structure 
Aluminium extrusion bars from Rexroth were used for increasing rigidity of the 
machine structure, the 60x60 mm profile shape allow very small deflection values 
and may be considered rigid elements. The purpose of using a rigid structure is to 
reduce dynamic errors resulting from the effect of vibration and the weight of the 
moving parts, reducing the legs‘ length and mounting the encoder at minimum 
possible dimensional offset between the probe tip and the measuring axes would 
be effective in minimizing angular errors. 
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Even though, design for stiffness is not among the objectives of this study, little 
investigation was done to give an idea of the amount of expected deflection. Mr 
Craig, in his graduation project, analysed the structure of the preliminary 
prototype of the machine by applying Finite Element Modelling (FEM) technique 
[96]. Figure 15 shows the FEM of the micro-CMM. 
 
Figure 15: Finite element model of the new micro-CMM [96]. 
In the physical deformation test, different masses were placed on the frame to 
study the displacement of predefined points (see Figure 16). Outcomes obtained 
from this study recommended that a displacement due to the flexibility of the 
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improved structure can reach 0.8 micrometers. These results were confirmed 
using FEM analysis for the new micro-CMM. 
 
Figure 16: Physical deformation test [96]. 
 
b. Brackets and connections 
The required brackets and connections were specially designed and manufactured 
for this machine. These parts include the probe holder, laser sensor regulator and 
holder, and motor support and joins holder. 
Figure 17 shows the CAD model of the probe holder platform. Besides holding 
the probe at the centre, the probe holder platform is also the central connections of 
the three arms of the tetrahedron at fixed designed angles. 
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Figure 17: Probe holder and legs connection. 
The laser sensor brackets were designed taking into consideration the alignment 
requirements of the laser beam, misalignment may occur due to the errors during 
the manufacturing and assembly of the parts.  
Figure 18 shows CAD drawings for the top and front views of the laser sensor 
brackets. Fine threaded bolts carry each part to help in minimizing the 
misalignment of pitch, roll and yaw angles of the measuring axes. 
 
 
 
 
 
 
Figure 18: Laser sensor brackets. 
Stellenbosch University  http://scholar.sun.ac.za
  
39 
 
3.3.2 Bearings, actuators and sensors 
a. Runner blocks and moving arms 
The arms of the moving tetrahedron are made of standard precision steel bars 
from Rexroth. And the runner blocks are also from Rexroth standard precision 
FLS model. This system of rail and runner block creates parallelism errors 
between the contact surfaces of +/- 40 µm. 
b. Linear motors 
The moving parts are carried by three motors from Zaber (model no. T-LSR). 
These linear slides with roller bearings have a travel range of 300 mm and can 
achieve a resolution of micro step size of 0.5 µm with an accuracy of ± 45 µm. 
c. Laser distance sensors 
The most important measuring instruments in length and dimensional metrology 
are the laser interferometers. Due to budget limitation, in this design the distance 
sensors were optoNCDT ILD 1302 laser distance sensor from Micro-Epsilon, 
these sensors can provide 50 µm resolution. 
d. Joints 
In this study several joints have been identified for use in the proposed Micro-
CMM. Mr Blaauw in his undergraduate research project evaluated these joints 
statistically and physically to determine if they could indeed meet all the design 
requirements [97].  It was found that flexure joints offered great promise, but 
would not be able to reach the required angular deformation without failing. As it 
can be seen in Figure 19 the joins are required to swing for certain angles to reach 
all the points within the work envelope.   
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The universal joint was found to have a spherical run-out error of {-0.018 < error 
< 0.016} mm, after calibration that was improved by 30% to reach {-0.013 < 
error < 0.013} mm with 95% confidence. 
Standard precision class spherical rolling joints particularly designed by Hephaist 
Seiko for use in CMMs was selected. These joints provide a run-out error of 
± 2.5 m. These joints also have maximum swing angles up to 40º, which is 
sufficient for the intended work envelope. 
 
Figure 19: Working angle of the joints. 
 
e. Probe 
The Micro-CMM was fitted with Renishaw TP8 manual indexable probe. The 
TP8 probe provides 0.5 μm repeatability and pre-travel variation of ±1 μm. 
3.4 Degrees of freedom of the novel machine 
In general, the degree of freedom for a closed-loop spatial mechanism can be 
obtained by using Grubler's formula as follows: 
   (     )  ∑  
 
   
 
Where: F is the degree of freedom, l is the number of bodies including the stage 
and the base, n is the number of joints, and fi is the freedom of the i
th
 joint.  
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The number of closed loops or struts are 3, each loop had the same arrangement of 
joints (prismatic, spherical, slide). The arrangements and DOF for each joint are 
shown in Figure 20. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 20: The machine parts, numbers indicate DOF of the joints 
Number of all the parts including the moving bodies, l = 8, parts are marked with 
‗x‘ in Figure 20. Total number of joints, n = 9. Spherical joints has 3 DOF, slides 
and prismatic joints have 1 DOF. Summation of all DOF of the joints = 15. 
Appling Grubler's formula, the results show that the novel micro-CMM is 
classified as 3-DOF parallel kinematic manipulator. 
   (     )  ∑  
 
   
  (  )       
3.5 Micro-CMM prototype  
It is obvious that the current prototype lacks certain critical components, e.g. as 
yet there is not feedback on the run-out error of the rotational joints and the laser 
displacement sensors‘ accuracy is not comparable to laser interferometers. The 
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probe that is in use is also not a true micrometrology probe. However, the purpose 
of the first prototype is to verify the theoretical modelling of the achievable 
accuracy of the system and also to iron out various design problems. The 
combination of prototype and the theoretical work serves to guide the 
development effort and provide evidence of the system‘s efficacy. Photograph of 
the micro-CMM, built and fully assembled is shown in Figure 21. 
 
Figure 21: Photograph of the fully assembled micro-CMM. 
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3.5.1 Advantages of the novel micro-CMM concept 
 Singularity free arrangement 
The given kinematic model is defined and well behaved at all points. This 
provides singularity free movement within the whole workspace. A 
singularity free system is beneficial to the motion control algorithm.  
 Large workspace 
The arrangement of this micro-CMM provides movement in 3-DOF, 
translation in z direction, rotation around x axis, and rotation around y axis. 
In other 3-DOF manipulators, like Oiwa‘s design [29], the workspace is 
very small because of the limitation of using rotational joints. This novel 
concept arrangement provides significant advantage where any point 
within the workspace can be reached by simply controlling the 3 linear 
actuators. 
 Abbé error elimination 
In theory, the angular error due to the effect of Abbé error is eliminated. 
The axes of measurement of the laser measurement devices intersect with 
the probe tip, which results in zero offset distance. The probe is moved by 
moving the linear motors up and down. This movement repositions the 
entire structure of the tetrahedron, and thus the probe as well.  
 Less connections and reduced number of joints 
A further advantage of this system is that there are only three spherical 
joints on the system. Most similar parallel mechanisms use a combination 
of rotational or rotational and spherical joints both at the upper end of the 
measurement arms and at the probe platform. These joints are all prone to 
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run-out errors. Thus, this concept reduces the total number of joints from 
six to three. That also may lead to cost reduction. 
 Separate measurement and movement loops 
Even though, the movement and measurement loops are not completely 
separated (see Figure 22), a further advantage of this system is that the 
motors are also not mounted on the measurement arms, thus they do not 
interfere with lasers. Effects of heat dissipation and vibration resulted from 
the movement of the motors are minimized. In the figure, the red lines 
indicate the ‗measurement loop‘ with the measurable distances, including 
the lengths of the legs ‗li‘ as a direct reading from the laser sensors, where 
the blue lines indicate the ‗movement loop‘ contains the parts that are 
responsible for movement, namely the motors (a, b and c). Moving parts 
are marked with arrows in Figure 22. 
 
 
 
 
 
 
 
 
 
 
Figure 22: Measurement loop (red lines), and movement loop (blue lines). 
p 
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c 
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3.5.2 Disadvantage of the novel micro-CMM concept 
The probe‘s orientation changes all the time as it moves. This means that some 
measurements, such as measuring a vertical wall or inside a deep hole, will not be 
possible. This disadvantage is mitigated to some extent by the fact that the 
orientation does not change more than 14 degrees. Also, typical micro-
manufactured components are not very high compared to their width. 
A further disadvantage is the joints. It is very difficult to make spherical joints 
that provide 3-DOF to precisions high enough for this application. The author 
plans to mitigate this problem in future, by measuring the run-out error in the 
spherical joints in real time using capacitive displacement sensors, and then 
compensating for the error. There is already an on-going research at the 
University of Stellenbosch to solve this problem. 
A typical concept drawing of a spherical joint with three capacitive displacement 
sensors are shown in Figure 23. 
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Figure 23: Spherical joint with three capacitive sensors. 
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CHAPTER 4:  Kinematic modelling of 
the micro-CMM 
 
Kinematic modelling of the micro-CMM 
 
 
4.1 Introduction 
In this chapter, the solution to the position kinematic model in the global 
coordinate system is derived. The reachable workspace is analysed. Derivation of 
the kinematic error model also presented analytically and numerically.  
4.2 Coordinate system 
The coordinate system is shown in Figure 24 and Figure 25. The origin O(0,0,0) is 
placed at the centre of the base. The prismatic joints intersect with the base at 
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points a, b and c. The x-axis equally divides the angle bac at point a, and the z-
axis is perpendicular to the base plane (a,b,c). 
 
Figure 24: The coordinate system: top view xy plane. 
 
Figure 25: The coordinate system: front view yz plane. 
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The geometrical parameters of the micro-CMM are as follows:  
li : the distance between pivot point of the ball joint pi and the probe tip po. 
lmin, lmax : the maximum and minimum extensions of the arms, lmin= 330 mm, 
lmax= 500 mm. 
βi : the angle between the tetrahedron legs li, lin, βa = βb = βc = 68
o
. 
The overall height of the machine is 700 mm. 
The base frame has an equilateral triangle shape, where the length of each side is 
650 mm. 
4.3 Kinematic modelling 
Parallel mechanism modelling is usually divided in literature into two divisions, 
namely: kinematic or geometric models and the dynamic model [45]. 
The position kinematic model mathematically describes the relations between 
joint coordinates and the probe position and orientation. The change in the probe‘s 
pose is defined with respect to the reference coordinate system. While the 
dynamic model provides a relation between the probe‘s acceleration, velocity, 
coordinates and the influence of forces such as inertia, gravity, torque and non-
geometric effects such as friction and backlash. 
In serial mechanisms, one given joint position vector corresponds to only one end-
effector pose. The kinematics problem is not difficult to solve. In contrast, in 
parallel mechanisms the solution is not unique, since one set of joint coordinates 
may have different end-effector poses.  
In general, the first step in solving the initial position is to create the forward and 
inverse position kinematic model by formulating the non-linear set of equations 
that relate the manipulator variables and the probe pose, then in the next step the 
non-linear equation system can be solved using analytical or numerical methods 
or even graphical methods in simple mechanisms. 
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The position kinematic model can be solved by direct or inverse kinematics, 
depending on the input and output variables. 
4.3.1 Development of the kinematic model 
A direct position kinematic model (DPKM) is used to calculate the pose of the 
probe, given the specified values for the mechanism parameters. 
The first step in solving the initial position is to create the forward position 
kinematic model by setting the non-linear set of equations that relate the moving 
stages‘ variables and the probe pose. Then in the next step the non-linear equation 
system are solved analytically.  
Assume that the probe tip (x,y,z) is at the main vertex of the moving tetrahedron, 
which is theoretically the point of intersection of the three laser beams. Because of 
using spherical joints, the equation of movement of the legs can be expressed by 
the following governing equations: 
  
  (    )
  (    )
  (    )
  (1) 
  
  (    )
  (    )
  (    )
  (2) 
  
  (    )
  (    )
  (    )
  (3) 
 
From Figure 26 it is clear that values of z coordinate of the moving motors (zi+1 
and zi-1) can be calculated relative to the z component of the stationary motor (zi), 
where the vertical distances between two spherical joints dzi,i+1 and dzi-1,i can be 
calculated provided that the legs la, lb and lc, as well as angels () between them 
are known. 
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Let the subscript i and represent (a, b, c) when i rotates around z axes in clockwise 
direction when seen from above, subscripts ip and in refer to the previous and 
next points, respectively. 
zin = zi + dzin  (4) 
zip = dzip + zi (5) 
    
  (   )
  (   )
  (6) 
    
  (   )
 
 (   )
 
 (7) 
   
    
     
             (   ) (8) 
   
     
    
               (   ) (9) 
 
Where: 
i: index of the pivot point of the i
th
 joint, i = [a,b,c] 
in, ip: index of pivot point of the next and previous pivot points, 
respectively 
dz: the height difference between pivot point of the joint on stationary 
motor and moving joints 
din and dip: the distance between i
th
 pivot point and the next and previous 
pivots, respectively 
bin and bip: the distance between pivot points at zin = zi and zip = zi, 
respectively  
in, ip: the angles between leg li and legs lin and lip, respectively. 
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Figure 26: Schematic drawing of the micro-CMM machine 
Point b is stationary, points a and c are moving. 
 
Since points a, b and c move in a linear path, thus their x and y components can 
also be defined as a function of the z component 
xi = gi + hi zi (10) 
yi = mi + ni zi (11) 
 
Where: g and m are the intercept, h and m are the slope of the linear path of the 
motors. 
At the start of the operation z is assumed to be equal to zero, or alternatively, the 
stationary point will have z = -zi, and zi = 0.  
Replace for zb and zc from equation (4) in equations (1), (2) and (3) to get: 
  
  (  
    
    
 )                                (12) 
lb lc 
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  (  
    
  (        )
 
)                         (        )    (13) 
  
  (  
    
  (       )
 
)                          (       )   (14) 
 
Let the left hand parts of the previous equations be equal to ca, cb and cc  
𝑐    
    
    
    
  
Subtract equation (13) from equation (12), and equation (14) from equation (12), 
    (     )      (     )            𝑐  𝑐  (15)  
    (     )      (     )            𝑐  𝑐  (16)  
 
Solve equations (15) and (16) for z to get the following expressions 
 
    
(     )
     
  
(     )
     
 
(𝑐  𝑐 )
       
 (17)  
   
 (     )
      
  
(     )
     
 
(𝑐  𝑐 )
       
 (18)  
 
Eliminate z in the previous 2 equations and solve for x 
        (19)  
 
Replace for x in equation (17) and solve for z 
        (20) 
 
Where A, B, D and F represent the following expressions: 
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The coordinate of the probe location can be found by solving equation (12) and 
replacing x and z from equations (19) and (20), respectively. 
  (       )   (                )   
          𝑐    (21) 
 
This yields explicit expressions for the y coordinates of the centre point of the 
probe as follows: 
  
   √       
   
 (22) 
 
Where: u, v and w can be calculated using the following expressions: 
 
           
                          
              𝑐   
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Equations (19), (20) and (22) are used to calculate the position of the probe (x,y,z) 
in the Cartesian coordinate system, given the values for the mechanism variables. 
These equations represent the direct position kinematic model (DPKM) of the 
system. Computer code developed with Python version 3.2 is used to solve the 
DPKM. The code is listed in Appendix B-1. 
4.3.2 Inverse kinematic model  
An inverse position kinematic model (IPKM) is used to calculate the mechanism‘s 
variables for a position of the probe. The IPKM is beneficial to the movement 
control system of the machine, where the probe pose is defined and the 
mechanism variables need to be found. 
The inverse position kinematic model is created by solving the initial position of 
the mechanism. In the IPKM the desired probe coordinates are set as the input 
parameters and the outputs are the mechanism variables. The non-linear set of 
equations that relate the manipulator variables and the probe pose are solved using 
numerical methods. 
From the non-linear set of equations given by equations (1), (2) and (3), 
mechanism variables for the IPKM are la, lb, and lc, and the input parameters are 
(x,y,z). 
Consider the case when motor a is stationary and motors b and c are moving, 
za = constant for the stationary point a. zb and zc are calculated using equations 
(4) – (9) to give the following expressions: 
      (√      
         𝑐  (  )
 
     
 ) 
 
(23) 
Stellenbosch University  http://scholar.sun.ac.za
  
56 
 
 
It is possible now to rewrite equations (1), (2) and (3) to eliminate za, zb, zc. using 
the resulted set of nonlinear equations. It is possible to calculate the values for the 
mechanism variables, given the position of the probe (x,y,z) in the Cartesian 
coordinate system. These equations represent the inverse position kinematic 
model (IPKM) of the system. They are very complicated and difficult to solve 
analytically. To find the roots of the resulting set of equations the nonlinear least-
squares algorithms was used based on the Gauss-Newton method. 
Computer code developed with Python version 3.2 is used to solve the IPKM. The 
command optimize.fsolve is useful. The code is listed in Appendix B-2. 
4.4  Analysis of the workspace 
The reachable workspace of a parallel manipulator is defined as all the positions 
within the region of the Cartesian space that can be reached by the tip of the probe 
which is attached to the central point of the platform.  
The workspace can be determined using the previously described model. The 
boundary surfaces of the workspace are calculated taking into account all the 
geometrical limitations and the movement range of the prismatic joints of the legs 
(maximum extension lmax and the minimum extension lmin). 
Figure 27 shows a 3D plot of the reachable workspace and the work envelope is 
represented by the red cube within the workspace in Figure 28 The code used to 
analyse the workspace is given in Appendix B-3. The processes of constructing 
the workspace can be summarized as follows:  
• Set boundary conditions  
      (√                  (  )
 
     
 ) 
 
(24) 
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ymax = (Rf - x) tan(30), ymin= -(Rf - x) tan(30),  
xmax = Rf , xmin = – Rf  / 2 
• Set one leg li= lmin, increase the other two legs by l from lmin to lmax. 
• Solve the position components (x,y,z) for the outer surfaces Sout-li. 
• Set one leg li= lmax, increase the other two legs by l from lmin to lmax. 
• Solve the position components (x,y,z) for the inner surfaces Sin-li. 
• Repeat for each leg. 
• Solve for the side surfaces Sa, Sb, Sc. 
• Sa: y = (Rf - x) tan(30), with x in the range (xmin ≤ x ≤  xmax) 
• Sb: y = – (Rf - x) tan(30), with x in the range (xmin ≤ x ≤  xmax) 
• Sc: x = xmax and y in the range (ymin ≤ y ≤  ymax) 
 
 
Figure 27: 3D plot of the reachable workspace. 
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 (a)    (b)            (c) 
 
Figure 28: The reachable workspace of the micro-CMM. (a) top view; (b) front view; (c) 
side view. 
The results of workspace calculations illustrated in Figure 27 and Figure 28 show 
that: (1) The workspace is formed by surfaces cascaded together. (2) The 
workspace is symmetric about the xz plane. (3) The workspace range in xy plane 
vanishes at zmin where la = lb = lc, and reaches its maximum range when two legs 
are maximum and the third is minimum, then the range decreases as z increases 
and vanishes at z > 500 mm when la = lb = lc = lmax. The red cube in the workspace 
represents the work envelope (100x100x100) mm. This proves that this design can 
easily achieve the goal of 100x100x100 mm work envelope. 
4.5 Modelling of the kinematic error 
The positioning accuracy of parallel mechanisms is usually limited by many 
errors. Some authors identified the errors affecting the precision of parallel 
mechanisms as follows [52], [59 – 61]: manufacturing errors, assembly errors, 
errors resulting from distortion by force and heat, control system errors and 
actuators errors, calibration, and even mathematical models. These errors should 
be divided into two main sources: static errors for those not dependent on the 
225  x      -100         21         y   -221  -100     x              255 
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dynamics and process forces, and dynamic errors for errors due to the movement 
and measuring method [62]. 
4.5.1 Analytical kinematic error model 
Suggesting an error model for the proposed machine is of great importance in 
order to evaluate the structure and understand the effect of the different 
parameters on its accuracy. The derivation of the covariance matrix is well known 
and can be found in [98] and [99]. For more clarification the details of the 
derivation will be given here: 
Function F(x) can be represented by its Taylor series as follows: 
 ( )   ( ̅)   ( ̅)   (   ̅)  ( ‖   ̅‖ ) (25) 
 
Where: J(x) is the Jacobian matrix of F(x), and  is the error term,   is the average 
of all x samples. 
Let‘s assume that the last term is small enough to be neglected. Then the previous 
equation can be rewritten as: 
 ( )   ( ̅)   ( ̅)  (   ̅) (26) 
 
The formula for computing the covariance is: 
   
 
   
( ( )   ( ̅)) ( ( )   ( ̅)) (27) 
 
Replacing the dot product by the transpose of two matrices A B = AT B, we get:     
   
 
   
( ( )   ( ̅))
 
( ( )   ( ̅)) (28) 
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Replace equation (26) in equation (27) to get: 
   
 
   
( ( ̅) (   ̅))
 
( ( ̅) (   ̅)) (29) 
 
Remember, the dot product is commutative A B = B A, and (AB)T = BT AT, then 
   can be rewritten as: 
   
 
   
 ( ̅) (   ̅) (   ̅)( ( ̅))
 
 (30) 
 
Since the covariance matrix of x is: 
   
 
   
 (   ̅) (   ̅) (31) 
 
Then the covariance matrix can be written as: 
    ( ̅)      ( ̅)
  (32) 
 
The last equation is very useful to determine the covariance matrix using the input 
covariance and the Jacobian of the process function. 
In this study, the error of each stage (or link) is a combination of errors in the leg 
lengths li and the position of each spherical joint pi in the Cartesian coordinate 
system.  
These measurement errors are created mainly by the error in the spherical joints 
esi, parallelism in the runner blocks ebi, backlash in the motors emi, capability of 
the laser distance sensor eri, angular errors of the actuator, cosine error ecosi, and 
Abbé error eabi. Elastic deformations and deflection of the moving structure is 
represented by the small change in the angle between the legs of the tetrahedron 
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eβi. Probe error and effects of thermal expansions were not included in the error 
model. 
Therefore, in total 24 parameters will be investigated. For each link, eab, er and 
ecos will be combined and together will contribute to el. A full size Jacobian 
matrix is used in carrying out error analysis. The Jacobian consists of the first-
order partial derivatives of x, y and z in equations (19), (20) and (22), respectively, 
with respect to the error sources. The Jacobian needed is organized in a 315 
matrix, as follows: 
J = 
[
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 (33) 
 
The related variances matrix is given by the following 1515 diagonal matrix: 
 
In the previous matrix the variance along the diagonal is given for, xa, xb, xc, ya, yb, 
yc, za, zb, zc, la, lb, lc, βa, βb, βc. Precision error values are mostly considered as 
three times the standard deviation value ( = 3σ). Thus, the variance can be 
estimated by: 
 
Where: p
2
 and p are the variance and the error of the parameters, respectively. 
   
[
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Error in the link eli includes: the error due to uncertainty in determination of the 
lengths of the legs edi, laser sensor reading eri, cosine error ecosi and Abbé error 
eabi. Therefore, the variance    
  must be determined based on the same principle. 
Computer code developed with Python is used to overcome the heavy 
computational cost of solving the analytical error model. The code is listed in 
Appendix B-4. 
4.5.2 Monte-Carlo simulation  
In Monte-Carlo studies, random parameter values are generated from an allowed 
error range. A large number of runs are carried out, and the position is estimated 
for each run.  Parameter values and standard errors are averaged over the samples. 
The Monte-Carlo simulations have been used as uncertainty evaluation for CMMs 
in [100 – 103]. This method was documented in an ISO document [7]. In this 
study simulations have been performed to examine the validity of the analytical 
error model. Computer software developed with Python was used to overcome the 
amount of work needed for the simulation.  
The standard deviation of the probe coordinate is calculated at several deferent 
positions within the work envelope. At each position the standard deviation is 
calculated passed on the results of the huge number of Monte-Carlo iterations (n). 
In each run m, (m = 1,…, n), a random error value is added to each variable. 
Let V represent the 24 system variables, where V = [ xi, yi, zi, di, ri, cosi, abi, βi], 
and eV represent the maximum amount of error associated with that variable. 
Then new estimated values for the variables dVm are estimated at each iteration m, 
where m = 1,..,n.  
eli = edi  eri  ecosi  eabi (36) 
Stellenbosch University  http://scholar.sun.ac.za
  
63 
 
dVm= V + Vm 
Where Vm is a random error value added or subtracted from the variables as per 
the following, where R is a random value in the range (0, 1). 
Vm = 2 eV  R - eV 
This will eventually create samples of x, y and z of n values each. Standard 
deviations and errors are averaged over the samples. 
The equations (19), (20) and (22) of the kinematics problem must be rewritten as 
follows: 
   
   √        
   
 (37) 
            (38)  
            (39) 
 
Where A, B, D and F represent the following expressions: 
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And similarly, g, h and k can be calculated using the following expressions: 
the standard deviation is: 
  
   
 
 
  ∑(    ̅)
 
 
   
 
 ̅ is the overall average x values: 
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Computer code developed with Python for estimation Monte-Carlo simulation is 
given in Appendix B-5. 
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CHAPTER 5:  Computer controlled 
measurement 
 
Computer controlled measurement 
 
 
5.1 Introduction 
This chapter describes the development and construction of the computer 
measurement interface and the machine control control algorithm for the micro-
CMM apparatus control system. It also describes the user interface of the software 
developed for controlling and taking measurements using the machine, based on 
National Instruments LabView [104]. 
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5.2 Programing environment 
National Instruments LabView is a general purpose programming environment. It 
is a graphical programming language that is powerful in automation control and 
data acquisition. Moreover, its graphical representations provide an intuitive 
programming environment for scientists and engineers. The key features of 
LabView, such as simple network communication and turnkey implementation of 
common communication protocols (RS232, USB, GPIB, etc.), makes LabView a 
very good automation environment choice [105]. Another advantage of using 
LabView is the flexibility to call software codes written with other programing 
languages, such as Python, which is used to solve the inverse and direct 
kinematics problems.   
For the purpose of this study, programming with LabView was preferred over 
programming in other software like Visual Basic or C++ for a number of reasons. 
Most importantly, LabView offers the convenience of simultaneous control of all 
independent components of the machine. Furthermore, the software flexibility, 
when choosing the hardware components, and the capability of further system 
improvements, makes LabView a less tiresome progrmming language [90]. 
LabView monitors the systematic parameters by gathering the readings of the 
instruments through data acquisition cards (DAQ). Moreover, LabView has a 
powerful toolset for process control and data fitting that is capable of analysing 
and controlling the input data signal. Measurements can become easy to reproduce 
since the software allows logging, saving and loading data. 
In order to fully control the operation of the micro-CMM, the devices and sensors 
were connected; that include the linear motors, laser distance sensors, and the 
touch trigger probe. A photograph of the computer system used to control the 
machine is shown in Figure 29. 
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Figure 29: Photograph of the computer control system. 
5.3 Programming the machine control system 
This computer control system is developed and implemented to be able to fully 
control the system variables and manipulate the movement of the probe, and to 
take and record the measurements.  
5.3.1 Movement control module  
The movement control allows the user to move the probe to a certain position (P) 
on the workspace. Point P(x,y,z) can be found by solving the direct kinematics 
model (DPKM), where the input parameters to the DPKM include: readings from 
the three laser distance sensors (ra, rb and rc) and the coordinate of the pivot points 
of the spherical joints (pa, pb and pc). 
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The x and y components of the pivot points are accurately identified during the 
geometrical identification step, z components represent the axial movement of the 
ball joints and must be calculated by solving the inverse kinematics model 
(IPKM) of the machine. 
The following steps summarize the movement control model of the machine: 
1- Input desired position P. 
2- Solve IPKM for a desired position P(x,y,z), the numerical solution gives 
za , zb and zc. 
3- Move first motor to the new location (za) while the other two motors 
remain stationary. 
4- Acquire readings from the laser distance sensors to get the distance from 
the pivot points of the ball joints to the probe (ra, rb and rc). 
5- Use the sensor reading of the first and second laser sensors to apply cosine 
rule and calculate the height difference between first (moved) and second 
(stationary) pivot points dza,b. 
6- Use zb (the height of the second point of the stationary motor) to calculate 
the new position of the first pivot point due to moving the first motor, za
*
= 
dza,b + zb. 
7- Compare za* calculated in the last step with za calculated in step 1. If there 
is an error the difference must be added to za and steps 2 to 6 must be 
repeated till za
 
is reached. 
8- Repeat from step 2, keep first and third motors stationary and move the 
second motor, using rb, rc and zb, zc in the calculations till zb is reached. 
9- Repeat from step 2, keep second and third motors stationary and move the 
third motor, using ra, rc and za, zc in the calculations till zc is reached. 
10- Find probe location P(x,y,z) by solving DPKM, use laser sensors readings 
and pivot points locations as input parameters. 
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When approaching the object and expecting measurement, the probe must move 
slowly, this can be done by dividing the travel distance from current position to 
the desired position into several segments. Once the probe comes in contact with 
the object it will trigger a signal and the motor will stop immediately then the 
DPKM will be solved using the acquired reading from the laser sensors. 
In a closed-loop control, feedback measurements must be made to indicate the 
current value of the variable controlled by the loop. The measurement signals to 
the control system from the laser distance sensors are continuously acquired and 
the DPKM is calculated. Then the calculated position is compared to the desired 
set position entered into the control system. Based on a comparison of the values, 
the control system can tell whether the measurement position achieved the set 
point, and develop the output signals to the motor accordingly until the probe 
comes to its final desired destination (set point). The output signal value (volts) 
depends on the difference between the desired set position and the current DPKM 
results. Figure 30 shows a block diagram of the movement control module of the 
micro-CMM machine. The block diagram of the position calculation is given in 
Figure 31. 
5.3.2 Measurement control module 
The probe location in space can be achieved by solving the DPKM. When the 
probe comes into contact with an object, a signal is immediately sent to the 
computer control system; this signal triggers the measurement control module and 
stops any motor movement. Then the DPKM is solved to define the probe 
position. 
The following steps summarize the steps of the measurement control model of the 
machine: 
1. Signal trigger when the probe makes contact with an object. 
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2. Stop motors. 
3. Acquire readings from the laser distance sensors to get the distance 
from the pivot points of the ball joints to the probe (ra, rb and rc)  
4. Solve DPKM, use laser sensors readings and pivot points locations as 
input parameters to find probe location P(x,y,z). 
5. Record point P. 
This type of control is an open-loop control (no feedback), see Figure 32. 
. 
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Figure 30: Block diagram for the movement control module. 
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Figure 31: Block diagram of the movement algorithm. 
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Figure 32: Block diagram for the measurement control module. 
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5.3.3 Display module 
The objective of the display module is to measure and send the signals to the 
control system to be displayed and used for further calculations. The measurement 
signal from the sensors is continuously indicating the current value of the laser 
sensors (lengths of arms), these readings are used to continuously solve the IPKM 
to define the location of za, zb and zc. Figure 33 illustrates the computer display 
module. This is very important to solve the IPKM with every motor move to keep 
the positions of zi known. 
 
 
 
 
 
Figure 33: Block diagram for the display control module. 
 
5.3.4 Control flow chart 
The final flow chart of the measurement and control software is illustrated in 
Figure 34. 
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Figure 34: Flow chart of the measurement and control software. 
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5.4 User interface 
Figure 35 shows the main user interface of the program after all the modifications 
have been done, with short descriptions of each feature.  
 
1: Destination/desired position 
2: Measured points in 3D 
3: List of measured points 
4: Current probe position 
5: Expect measurement 
6: Record last reading 
7: Manually move motors 
8: Export file 
9: Stop the machine 
 
Figure 35: User interface of the control software.  
1 
2 
3 
4 
5 
6 
7 
8 
9 
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CHAPTER 6: Parameter identification 
 
 
Parameter identification 
 
 
6.1 Introduction  
Careful identification of the system parameters is very important. This chapter 
describes a number of experiments done to determine values for the system 
parameters, as well as the corresponding parametric errors. The results of the 
parameter identification step will provide the necessary information to solve the 
kinematics problem and the error modelling as well as the calibration of the 
machine.  
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6.2 Parameter identification and calibration 
Calibration of the novel micro-CMM under study was performed by the means of 
a Mitutoyo CMM Bright Apex 710, which is available at the metrology laboratory 
of the Stellenbosch University. The CMM has a volumetric accuracy of 5 m as 
per the last calibration. The main cause of errors is a result of geometrical 
deviation of the structure and the legs due to the weight of the machine, errors 
caused by the process of manufacturing and assembling of the machine 
components, run out error in the joints caused by the motion of machine and 
elastic deformation of the frame structure. 
6.2.1 Coordinate setup 
Before starting with the calibration process of the micro-CMM, a permanent 
coordinate reference relative to the structure was introduced. This coordinate 
system is important for any future calibration or parameter identification. 
Reference standard ball (O) was used to represent the origin (see Figure 36). Ball 
O is attached to the middle of the lower horizontal frame connecting points a and 
b. The xz plane is parallel to the outer surface of the frame, and plane xy is parallel 
to the upper surface of the same frame. 
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Figure 36: Photograph of the structure setup. 
6.2.2 Motion path of pivot points 
The spherical joints are connected by brackets to the linear motors. This gives a 
translational movement in the vertical direction. The linear path of movement is 
identified by the following technique: reference balls (mi) are attached to each 
bracket of the three motors. The master CMM is used to measure mi at six 
different positions along the horizontal path of the moving motors. At each 
position the spherical joints' pivot points pi were calculated using another standard 
balls (s). Ball si is attached to the base of the runner block holder. Figure 37 
illustrates the pivot point and the location of the reference balls p, s and m, 
respectively, for one of the links.  
The centre of si was measured at least at 8 different positions, the centre of a 
sphere fitting of the points‘ si's represent point pi.  
Motor reference ma_  
Pivot point pa_ 
Holder reference sa.  
x.  
y.  
z.   
Origin O_ 
CMM probe. 
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Figure 37: Spherical joint (p) and reference balls (m) and (s). 
To identify the linear path of movement of the motor and the support, sphere 
fitting is performed to determine pivot points pi at 6 positions of point mi. 
Considering the fact that distance mi–pi is supposed to be always fixed; the 
position of point pi can be determined with respect to the position of point mi. The 
CAD drawing for these measurements is displayed in Figure 38.  
 
Figure 38: Pivot points determination, measurement taken by means of CMM.  
m 
Runner block 
holder 
p 
s 
Bracket  
Linear 
motor  
Reference ball m 
Reference ball s 
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In Figure 38, the centres of the solid black spheres represent points mi, the hollow 
spheres represent ball si, and the centre of the big dashed spheres represent point 
pi. The figure shows the measurements of mi at 6 positions, and for clarity, 
measurements taken for si are shown at only 2 positions of mi, namely position 
no.1 and position no. 5. Figure 39 and Figure 40 show the calculated position pi of 
spherical joints a, b and c, as well as the linear path of movement in x and y 
directions, respectively. The x and y coordinate components are calculated as a 
function of the z component. 
 
 
Figure 39: Calculation of points pi, xz plane. 
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Figure 40: Calculation of points pi, yz plane. 
The linear motion error was estimated as the difference between the calculated 
values for pi based on CMM measurements, and the position calculated using the 
set of equations given in Figure 39 and Figure 40. Standard deviations in the x 
direction for points a, b and c are (0.015, 0.035, 0.010) mm, respectively. In the y 
direction they are (0.013, 0.016, 0.041) mm, respectively. 
6.2.3 Tetrahedron geometry 
In this step the geometrical parameters of the tetrahedron were measured. Figure 
41 shows the tetrahedron while taking measurements using the master CMM. The 
angles between the legs and the distance between the leg outer surface and the 
probe tip were measured. Figure 42 shows the results of the CMM measurements. 
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Figure 41: Parameter identification of the moving part, fixed tetrahedron. 
 
Figure 42: Determination of the tetrahedron geometry, 
measurements taken by means of CMM. 
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Once the geometrical parameters are determined for the structure and the moving 
part, the micro-CMM is assembled, and further investigation is done to confirm 
the measurements and correct for any errors due to the assembly process. The 
geometric parameters of the tetrahedron are tabulated in Table 4. 
Table 4: Geometry parameters of the tetrahedron 
 Angle between  
legs i 
Distance ti 
(mm) 
Leg a 68.746
o
 37.333 
Leg b 68.545
o
 38.953 
Leg c 68.638
o
 37.141 
6.2.4 Dead distance 
Dead distance on the link is fixed and does not change with the movement and the 
change on the reading of the laser sensors (ri) (see Figure 43). Dead distance (di) 
includes; distance between pi and the laser source and the distance between the 
reflective surface and po, measured in the direction of laser. The total length of the 
link li is the total distance between the spherical joint‘s pivot point pi and the 
probe tip po. The length l must be corrected for the offset distance t’ between the 
measuring axis and the pivot point as shown in Figure 43. 
 
Figure 43: Dead distance on the links. 
Dead distance di 
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The length di can be found if the positions pi and po are known; where pi is 
calculated using reference point mi (as shown in section  6.2.2), and po is measured 
using the master CMM by measuring the centre of the ball tip of the micro-
CMM‘s probe, as shown in Figure 44. Then the inverse kinematics of the machine 
is solved to identify the length of the link li. The dead distance di can then be 
calculated. 
For this step the length was calculated at 10 known positions and the IPKM was 
solved to determine di, see Figure 45, the detailed readings and the calculation can 
be viewed in Table C-1. 
 
 
Figure 44: Photograph of measuring the probe tip position with a CMM. 
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Figure 45: Results of dead distance calculation. 
The average dead distance for the legs found to be: da = 294.047 mm, 
db = 289.906 mm and dc = 289.402 mm, with the following standard deviations: 
a = 0.107 mm, b = 0.126 mm and c = 0.113 mm, respectively. 
6.2.5 Abbé error 
The most important angular error affecting linear positioning accuracy is the 
result of Abbé error. The Abbé effect decreases as the offset distance between the 
axes of measurement and the probe tip decreases. Since the laser distance sensor 
is located in the axes of movement and pointing towards the probe tip, the 
resulting offset is virtually avoided.  
Nevertheless, as shown in Figure 46, the arrangement may suffer from some 
offset created by the effect of imperfect alignment during the setup process. 
Suppose that the arrangement can produce an angle of α = 50 arcseconds, and the 
offset of the laser distance sensor is not more than 0.2 mm. Then Abbé error can 
be approximated as:  
eabi = offset x tan (αi)  
 = 0.2 mm x tan(50 arcseconds) = 48 nm 
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Figure 46: Abbé error due to offset in laser position. 
 
6.2.6 Cosine error 
Angular misalignment of the encoder and the object can produce cosine error. 
Cosine error is resulting from the fact that the laser may not be perfectly parallel 
to the leg of the tetrahedron it is trying to measure. Even though, in practice there 
will always be some degree of poor sensor alignment, the influence of cosine error 
can only be of significant value when a high degree of misalignment is present; 
therefore, cosine error in most cases can be neglected. Cosine error can be 
calculated as shown in Figure 47 by: 
ecos = r (cos() – 1) 
If the misalignment of the laser sensor with the probe tip at the maximum travel 
distance is as large as 0.1 mm, as shown in Figure 48. The angle of cosine error 
  85 arcsecond. Cosine error can be approximated at rmax = 250 mm as: 
ecos = r (cos() – 1)  20 nm 
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Figure 47: Cosine error illustrated. 
Figure 48 shows the laser misalignment with the probe tip as the probe moves 
from minimum to maximum travel distance. 
 
 
Figure 48: Cosine error due to laser misalignment. 
6.2.7 Performance limitation  
Table 5 lists the design values of the expected errors, which are claimed by the 
manufacturers of the state-of-the-art precision instruments available in the market, 
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Actual displacement r 
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and the actual values given by the manufacturers of the devices and hardware 
used to build the current prototype of the micro-CMM.  
Table 5: Error sources on the micro-CMM 
Error Source Affects Design Values Actual Values 
esi machining limitation xi, yi, zi 1 m 1.5 m 
ebi machining limitation xi, yi nano meter 40 m 
edi manufacturing limitation li 1 nm 150 m 
emi backlash zi nano meter 1 m 
ecos assembly x, y, z 0 ~20 nm 
eabbé design/assembly x, y, z angle 0.05 arcsec 
offset 10m 
~50 nm 
ep manufacturing limitation x, y, z 0.08 m 0.5 m 
eβi geometry zin, zip 0 70 m 
 
6.2.8 Motor displacement 
The laser distance sensor is used to investigate the performance of the motors. The 
setup of the laser distance sensor and the motor is shown in Figure 49. The 
reflective surface is attached to the moving part of the motor and the sensor is 
fixed to the machine structure. 
The movement range of the selected motors is 300 mm, with a mean backlash of 
45 m. Starting from zero position, a travel distance of 200 mm was completed 
four times with the following number of steps 50, 20, 8 and 4, which is equivalent 
to step sizes 5 mm, 10 mm, 25 mm and 50 mm, respectively. The laser distance 
sensor is used to capture the position on each step. 
Stellenbosch University  http://scholar.sun.ac.za
  
90 
 
 
Figure 49: Motor characterization. 
Figure 50 shows the differences between the motor commands and the readings of 
the laser sensor at 150 mm and 200 mm.  
 
Figure 50: Motor test results. 
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Figure 50 shows that there is significant error associated with the motors. This 
error increases as the travel distance increases. It is also clear that larger step sizes 
result in less error as the number of required steps to reach the destination 
decrease. This result concludes that the motors cannot be used as a reliable 
displacement measurement of the travel distance. 
It should be noted that the error associated with the motors does not affect the 
kinematic model of the machine, because the calculation of the position and travel 
distance does not depend on information from the motors. Position is corrected 
with every movement using the control algorithm (as shown in the movement 
control model in section  5.3.1). 
  
Stellenbosch University  http://scholar.sun.ac.za
  
92 
 
 
 
CHAPTER 7: Error modelling 
 
 
Error modelling 
 
 
7.1 Introduction 
The micro-CMM is characterized to confirm the validity of the proposed 
kinematic model and the analytical error model. The measurements of the micro-
CMM are compared to the measurements done with the master CMM. The 
analytical error model is used to confirm that the difference in measurements falls 
within the error budget estimated by the error model. Monte-Carlo simulation is 
also included in the comparison to confirm the validity of the results. 
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7.2 CMM measurements 
The master CMM is used to determine the probe position of the micro-CMM. 
When the probe is stationary, measurements are taken at random positions. In 
each position the micro-CMM measurement is compared with the master CMM 
by measuring the micro-CMM‘s probe tip with the master CMM. 
Total of 30 points were measured, the positions of these measured points in the xy 
plane are illustrated in Figure 51. A 3D view of the measured points is given in 
Figure 52.  
 
 
Figure 51: Measured points and the workspace of the micro-CMM. 
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Figure 52: 3D plot of the micro-CMM measured points. 
The measurements of the micro-CMM are compared to the measurements done 
with the master CMM. The difference between the two measurements are shown 
in Figure 53. 
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Figure 53: Volumetric error between micro-CMM and master CMM. 
The detailed CMM readings can be viewed in Table C-2. From these results, it is 
clear that the difference in the vector length between the master CMM and the 
micro-CMM is mostly positive, where the readings from the micro-CMM are 
generally larger than the readings from the master CMM. This gives an indication 
that the error might by systematic. Using good calibration techniques effectively 
reduces this kind of errors.  
7.3 Analytical modelling  
The covariance matrix of measurement errors is found by the proposed analytical 
approach in equation (32). The variance-covariance matrix (equation 34) consists 
of the variances of x, y and z along the main diagonal and the covariances between 
each pair of variables in the other matrix positions. Variance is calculated using 
the relation given in equation (35). 
Using the method described in section  4.5.1. The results of the error model for 
(0,0,0) position is the following variance-covariance matrix:  
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0.729 mm, y= 0.484, z= 0.324 The covariance between xy, xz and yz is very small 
and can be neglected, hence x, y and z can be assumed uncorrelated. 
7.4 Monte-Carlo 
In Monte-Carlo studies, random parameter values are generated from an allowed 
error range. A large number of runs (n = 20,000) are carried out, and the model is 
estimated in each run.  Parameter values and standard errors are averaged over the 
whole samples. As shown in section  4.5.2, equations (37), (38) and (39) are used 
to estimate the error model at different positions within the work envelope. The 
simulation produce results in the form of standard deviation. 
The process parameters used for the error modelling and their corresponding error 
budget values are tabulated in Table 6. 
Table 6: Error budget used for the error modelling  
Parameters Error budget 
xi ± 50 m 
yi ± 50 m 
zi ± 250 m 
ri ± 50 m 
di ± 110 m 
αi  ± 0.02
o
 
βi  ± 0.05
o
 
i ± 0.02
o
 
offseti, 200 m 
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Error in the links include the accuracy of the laser sensors, uncertainty of the dead 
distance calculation, cosine error and the effect of Abbé error (dl = er, ed, eab, 
ecos). 
The error results from calculating the position of the pivot points (z components) 
is influenced by the error in the links, as well as the rigidity of the moving part 
(tetrahedron), where the legs are only connected at the probe holder, therefore, the 
angle β between the legs is subject to the mechanical deformation.  
The results of the Monte-Carlo simulation are represented in the form of a typical 
histogram in Figure 54, 54 and 55 for x, y and z, respectively, at zero position 
(0,0,0). The histograms are useful as an aid to understanding the nature of the data 
distribution.  
 
 
Figure 54: Histogram of error in x, results of Monte-Carlo simulation. 
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Figure 55: Histogram of error in y, results of Monte-Carlo simulation. 
 
Figure 56: Histogram of error in z, results of Monte-Carlo simulation. 
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From the previous figures, histogram plots for x, y and z indicate that the data are 
approximated well by a normal distribution, therefore it is reasonable to use the 
standard deviation as the distribution estimator.  
7.5 Verification of error model 
Comparisons of a sample calculation of simulated results with the analytical 
results in terms of standard deviations () are given in Figure 57. The results of 
the analytical error model (AM) match very well with the simulation results 
(MC). The standard deviation results of AM and MC follows the same trend as 
shown in the figure.  
 
Figure 57: Error model results, analytical (AM) versus simulation (MC). 
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7.6 Results of the error model 
A comparison of the expected error budget of the micro-CMM reading, estimated 
by; difference between actual CMM measurements, Monte-Carlo simulation 
(MC) and analytical error model (AM), respectively in 30 different positions is 
given by Figure 58.  
The error comparison is given by three bars for each point. Hatched bars represent 
the error values between the micro-CMM readings and the master CMM, solid 
bars represent the estimated error using AM, and the unfilled bars represent the 
expected error using MC simulation. In the figure all the results are presented as a 
volumetric error value, estimated as 3 by MC, and  (√  ) by AM. These results 
can be viewed in more details in Table C-3. 
 
 
Figure 58: Error estimation, e-CMM vs AM vs MC. 
From Figure 58, it is clear that for most of the measured points the error falls 
within an acceptable range of the error budget estimated by the simulation and 
analytically. Even though the graph shows some points that have outliers such as 
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on points number 6, 12 and 25, these errors can be attributed to the effect of a lot 
of external factors, such as human error in taking measurements or mechanical 
vibration. 
7.7 Parameter contribution to the error 
The significance of the errors associated with the geometric parameters on the 
positioning accuracy of the probe was studied. The error model is used to 
investigate the individual contribution of each parameter to the total estimation of 
the machine error. The results of the investigation are shown in Figure 59. 
  
Figure 59: Parameters contribution to the total error. 
From the above figure, it is clear that z and l are responsible for the major 
contributions that significantly affect the machine accuracy. The position of the 
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significant contribution to the overall machine error, followed by the uncertainty 
in determining the lengths of the links.  
ex and ey includes the x and y components of the run out error in the joints, 
parallelism in the slides and error in the motors. ez is due to run out in joints, 
backlash in motors, deflection and elastic deformation of the moving tetrahedron, 
and error in measuring the length of the links. el is affected by Abbé effect, cosine 
error and uncertainty in the laser reading. 
The error in zi is cumulative. That is because every time the probe is moved to a 
new position one motor stays stationary and the positions of the other two motors 
are calculated relative to the stationary motor, as explained in Chapter 4. The 
accuracy of these calculations can be improved by improving the rigidity of the 
moving tetrahedron and the uncertainty of angle between the moving legs. 
The second main error source ―li‖ is solely due to the limitation of the measuring 
device ―laser distance sensor‖. This error can be reduced if the angular errors can 
be avoided and a laser interferometer with resolution in the nano meter range is 
used.  
7.8 Recommended configuration of the micro-CMM 
Previous results show that the proposed analytical error model is valid and can be 
used as a robust tool for an error estimation model for the micro-CMM under 
study. The same error model is still valid to estimate the error values for the 
machine. The best possible configuration of the micro-CMM can be achieved as 
per the information provided for the design values in Table 7, with the following 
recommendations: 
 Improving the rigidity of the structure to reduce the dynamic errors 
resulting from the effect of vibration and the weight of the moving parts,  
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 Adding triple beam laser interferometer to replace the existing optoNCDT 
1302 laser distance sensor from micro-epsilon, virtual elimination of Abbé 
error is achieved by using a triple beam laser interferometer, which is 
capable to measures pitch and yaw angles with 0.02 arcsecond angular 
resolution.  
 Moreover, reducing the legs‘ length and mounting the encoder at 
minimum possible dimensional offset between the probe tip and the 
measuring axes would be effective.  
 Using of super precision class spherical rolling joints run-out less than 
0.1 micron compared to the existing 2 micron for the standard precision 
class SRJ joints. Moreover the other suggestion is the use of capacitive 
sensors to measure the run out error in the spherical joints. 
 Runner blocks can be replaced by sliding contact bearings to achieve nano 
meter accuracy as proposed by Smith and Robbie [106].  
 The probe is a critical factor in the measurement limitation. Improving the 
probe capability results in improving the overall accuracy of the machine.  
 Moreover, operating in a temperature controlled environment minimizes 
the thermal effect.  
A comparison is shown in Table 7. The table lists the parameters used in error 
modelling of the current prototype and the recommended improvements to 
achieve the goal of submicron measurements. 
The results of the kinematic error model are used as a comparison between the 
two different combinations, the results are tabulated in Table 8. 
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Table 7: Error budget of the parameters of the micro-CMM 
Parameters Current prototype Design values 
xi ± 50 m ± 0.1 m 
yi ± 50 m ± 0.1  m 
zi ± 250 m ± 0.1  m 
ri ± 50 m ± 0.02 m 
di ± 110 m ± 0.01 m 
αi  ± 0.02
o
 ± 0.005
o
 
βi  ± 0.05
o
 ± 0.005
o
 
i ± 0.02
o
 ± 0.005
o
 
offset 200 m 0.5 m 
 
Table 8 lists a comparison of the error model determined by the proposed 
analytical error model for the two different configurations.  
Table 8: Error model results and comparison 
 AM () m  volumetric 
m 
evolumetric  
m  x y z  
Current prototype 163.136 148.56 90.779 
 
238.588 715.764 
Recommended 
configuration 
0.069 0.062 0.039 
 
0.101 0.302 
 
The results of the error modelling listed in Table 8 show that with the 
recommended combination proposed in Table 7, the micro-CMM can achieve 
measurements in submicron regime with standard deviation of not exceeding 
70 nm in each direction (x = 70 nm, y = 60 nm, z = 40 nm).  
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CHAPTER 8: Comparison with an 
alternative design 
 
Comparison with an alternative design 
 
 
8.1 Introduction 
The novel micro-CMM was eventually designed and built based on the problems 
identified with a preliminary micro-CMM prototype. This chapter represent the 
design, kinematics and modelling of the initial prototype; this work can be viewed 
in reference [107]. A comparison between the initial micro-CMM prototype and 
the final novel micro-CMM under study is given at the end of this chapter. 
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8.2 Design description 
The initial micro-CMM prototype designed in this research consists of an upper 
equilateral triangular frame and a lower equilateral triangular moving platform 
connected to the upper frame with three extendable legs. Each leg contains a 
prismatic joint, the upper/lower ends of the legs are connected to the 
frame/platform (at points fi / pi) with spherical joints. Moreover, laser 
interferometers are installed on the legs in order to acquire accurate measurement 
of the length of the legs. To separate the measurement and movement loops and to 
overcome the kinematic modelling complexity, the lower platform can only move 
with respect to the upper frame. The movement of the platform is controlled by 
three linear motors attached to the upper frame. An isometric view and a top view 
of the machine are shown in Figure 60. 
 
  
Figure 60-a: Isometric drawing of the initial micro-CMM design. 
Upper frame 
Motors 
Moving platform 
(Probe holder) 
Base  
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Figure 60-b: Top view of the initial micro-CMM design. 
In this arrangement spherical joints are used to connect the three extendable legs 
to the moving platform and the upper frame were used. The spherical joints 
represent three rotational degrees of freedom (3-DOF). However, the movement 
of the platform is restricted to always be parallel to the upper frame. The sacrifice 
of the rotational movement of the moving platform around the axes is beneficial 
for solving the kinematics model. Figure 61 shows a schematic drawing of this 
design. 
 
Figure 61: Schematic drawing of the micro-CMM machine. 
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8.3 Coordinate system 
The coordinate system is shown in Figure 62. The origin Of-(0,0,0) is placed at the 
centre of the upper frame. The x-axis equally divides the angle at point f1 and the 
z-axis is perpendicular to the frame plane. 
 
Figure 62: The coordinate system. 
The geometrical parameters are as follows:  
Rf : the distance between point fi and the origin Of 
Rp : the distance between point pi and the origin Op 
i : the angle point fi makes with the x-axis, 1 = 0

, 2 = 120

, 3 = 240

 
lmin, lmax : the maximum and minimum extensions of the legs. 
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Stellenbosch University  http://scholar.sun.ac.za
  
109 
 
8.4 Kinematics modelling  
Because of using spherical joints, the movement of the legs can be expressed by 
the equation of a sphere. Assuming that the central point of the moving platform 
(x,y,z) is the point of intersection of three spheres, and thus, point fi must be 
shifted towards the point of origin Of. by (fi – pi) where: 
   [                  ]
  (40) 
   [                  ]
  (41) 
 
Then the equation of movement of the legs can be written as follows: 
  
  [  (     )      ]
 
 [  (     )      ]
 
 [ ]  (42) 
  
  [  (     )      ]
 
 [  (     )      ]
 
 [ ]  (43) 
  
  [  (     )      ]
 
 [  (     )      ]
 
 [ ]  (44) 
 
Where: 
(x,y,z): the probe location 
l1, l2 and l3: the leg lengths. 
The probe location can be found by solving equations (42), (43) and (44). This 
yields explicit expressions for the x, y and z coordinates of the centre point. 
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  √  
  [  (     )      ]
 
 [  (     )      ]
 
 (47) 
The previous equations are used to calculate the pose of the probe, given the 
values for the mechanism parameters. These equations represent the direct 
position kinematic model (DPKM) of the system. 
8.5 Error model 
Similar to the derivations given in Chapter 4, the law of error propagation is used 
to determine the machine‘s associated error analytically; the covariance matrix is 
given by equation (20). 
Assuming that only mechanical errors among these errors have an influence on 
the positioning accuracy, the geometry of each stage (or leg) can be expressed by 
five geometrical parameters, which are the leg lengths li and the position of each 
spherical joint fi and pi in the Cartesian coordinate system. Therefore in total 15 
parameters will be investigated. Thus, equations (45), (46), and (47) must be 
rewritten as:  
  
(  
    
 )  (  
    
 )  (  
    
 )
 (     )
  
(     )
(     )
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(  
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  √  
  (    )  (    )  (50) 
where: 
      𝑐  (   )     𝑐  (   )                   (   )        (   )                  
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A full size Jacobian matrix is used in carrying out error analysis, the Jacobian 
needed will be a 315 matrix as follows: 
J = 
[
 
 
 
 
 
  
   
  
   
  
   
  
    
  
    
 
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
   
  
   
  
   
  
    
 
  
    
 
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
   
  
   
  
   
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    
  
    ]
 
 
 
 
 
 (51) 
 
The related variances matrix is given by the following 1515 diagonal matrix: 
In the previous matrix the variance along the diagonal is given for l1, l2, l3, Rp1, 
Rp2, Rp3, Rf1, Rf2, Rf3, p1, p2, p3, f1, f2, f3. Precision error values are mostly 
considered as three times the standard deviation value ( = 3σ). Thus, the variance 
can be estimated by: 
Where: p
2
 and p are the variance and the error of the parameters, respectively. 
8.6 Mechanical errors estimation 
This arrangement suffers from large angular error. The effect of Abbé error 
cannot be avoided. The offset distance between the axis of measurement and the 
probe tip changes with the movement of the probe, it may reach upto ±8.6 mm see 
Figure 63. This amount of offset in 3D results on significant Abbé error. Even 
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 (53) 
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with very good alignment, an angle of only 0.005
o
 results in Abbé error of 
±0.75 m. 
 
 
Figure 63: Abbé effect in 3D. 
When the state-of-the-art instruments and components are to be used, the 
following values of the mechanical errors assigned to the system parameters and 
used in the kinematic error model estimation: Rfi = ±0.1 m, Rpi = ±0.1 m, 
li = ±1 m, fi = ±0.005

 and pi
 
= ±0.005

 
The result of the kinematic error model shows that the best readings this 
arrangement can achieve is not in the submicron regime, with volumetric standard 
deviation of (volumetic = 1.2 m). 
Figure 64 shows the x, y, and z estimated using the analytical model. The three 
continuous lines represent x, y and z with an error of li= ±1m, the dashed 
line represents z when the total error in the legs is ±2 m. 
Spherical joints 
Probe  
offset  
offset  
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Figure 64: Error estimation along z axis. 
From Figure 64, z decreases dramatically as the moving platform translates away 
from the point of origin in the z direction, the z starts to decrease very slowly 
when z value is greater than 350 mm, in other words, the probe is 350 mm below 
the upper frame. The work envelope in the z direction is in the range (350 – 450). 
8.7 Comparison with micro-CMM 
The results of the error model show that submicron measurements are difficult to 
achieve even when the best available instruments and components are considered, 
concluding that the initial prototype is not really a micro measurement machine. 
The major drawbacks of the initial prototype can be attributed to the following 
issues: 
 The initial design suffers from significant Abbé effect, where all the sensors 
are not pointing towards the probe tip. This creates an offset distance between 
z with li = ±2 m 
z axis (mm) 

  
(
m
) 
x 
y 
z 
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the measuring axes and the object to be measured, this offset changes with the 
movement of the platform and position of the probe. This problem was solved 
by introducing the final design concept of the micro-CMM. 
 The number of joints and connections are relatively high compared to the 
final design. Having three joints in each link, two of them are spherical joints, 
results in aggregating the run out error of determining the pivot points of each 
joint. The links in the final design only include one spherical joint. 
 In practice, it is difficult to ensure that the moving platform is moving in a 
plane parallel to the base, this is due to the effect of elastic deformation, 
parallelism and backlash in the motors. 
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CHAPTER 9: Conclusions and 
recommendations 
 
Conclusions and recommendations 
 
 
9.1  Conclusions 
The scope of this dissertation focuses on the growing need of highly accurate and 
precise measuring machines, specifically the use of PKM in micrometrology. 
PKMs are known to have useful advantages over their serial counterpart CMMs, 
these advantages include; high stiffness, high accuracy, and low inertia. 
Unfortunately, there are some disadvantages of using PKMs. The author proposes 
answers to some of these questions such as solving the complex kinematics, 
overcoming the workspace limitation, avoiding singularity and eliminating the 
effects of Abbé error.  
Stellenbosch University  http://scholar.sun.ac.za
  
116 
 
Different types of errors which significantly affect the machine accuracy are 
given. Static errors are claimed to have the most significant effect. Nevertheless, 
dynamic errors must be considered for precise measurements. The static errors are 
caused by manufacturing and assembly errors, non-exact transformation and by 
the deformations of the machine structure through weight forces. Dynamic errors 
were not considered; they occur only during the operation and depend on the 
velocity, the acceleration and the forces. 
A novel micro-measurement machine is introduced for the measurement of part 
dimensions in micro scale. The design of the novel machine is described in detail. 
The structure, parts, instruments and devices used in the machine are described 
and compared with their state-of-the-art rivals. The design is considering a 
completely new system module. The axes of measurement of the three laser 
measurement devices intersect with the probe tip, thus, the angular errors due to 
the effect of Abbé error are eliminated.  
The novel micro-CMM also features a singularity free movement within the 
whole workspace. Moreover, it provides that very large workspace is reachable, 
where the targeted work envelope of 100 mm range in all three directions can 
easily be covered. An algorithm to define the workspace was implemented.  
Moreover, the proposed novel design provides movement in 3-DOF, translation in 
z direction, rotation around x axis, and rotation around y axis. The position of the 
probe is determined analytically by solving the direct position kinematic module. 
The solution to the kinematics problem explicitly define the coordinates of the 
probe in the Cartesian coordinate system (x,y,z). The inverse position kinematic 
problem of the system is solved numerically. 
In this research, a fully functional prototype of the novel micro-CMM was built, 
for the purpose of demonstrating the machine and to prove the design concept, as 
well as to validate the kinematic and error models. 
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A computer interface with LabView software was developed, where the 
algorithms of the movement and measurement modules were programed using the 
Python programming language and were linked to the control software.  
Geometrical parameters of the machine structure were identified using a master 
CMM, and the uncertainties of these parameters were estimated and used as an 
input to the error model. 
A reliable kinematic error modelling technique to estimate and analyse the errors 
was derived analytically. The theory of error propagation was used, where the 
results of the error modelling are given by the variance-covariance matrix.  
The results of the analytical kinematic error model were verified numerically. The 
Monte-Carlo method was used to simulate the results. Comparing the results of 
the error model, both analytical and numerical, show that they represent a very 
good match and follow the same trend. 
A set of experiments was carried out to characterized the micro-CMM and to 
practically confirm the validity of the proposed system model. A master CMM 
was used to validate the solution of the kinematic model. Results show that the 
position kinematic model is efficient in determining the position when compared 
with measurements taken by means of the master CMM. An average difference of 
less than 0.5 mm over 30 points was achieved. This result of the micro-CMM 
measurements falls within the error budget of approximately 0.75 mm estimated 
by the proposed analytical error model.  
The significance of the errors associated with the geometric parameters on the 
positioning accuracy of the probe show that the uncertainty in determining the 
lengths of the links is responsible for the most significant contribution to the 
overall machine error, followed by the position of the pivot points in the vertical 
direction.  
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Practical experiments confirmed that the error model is efficient in estimating the 
expected error in the measurements. It is possible to achieve measurements in the 
submicron regime with this concept, provided that state-of-the-art instruments and 
components are to be used, taking into consideration all other important factors, 
such as: operating in a temperature controlled environment, implementing error 
compensation and good calibration models. 
 
9.2 Recommendations 
In order to achieve the ultimate goal of measuring 3D objects with accuracies in 
the regime of nano meter, more research and attention may be focused on the 
following issues in the future:  
 To enhanced the stiffness and structure optimization. 
 To build an accurate prototype with state-of-the-art components and devices. 
 To conduct a kinematics calibration and error compensation study. 
 To perform a comprehensive study on the effect of dynamic errors. 
 To extend the error model to include the effects of dynamic errors. 
 To investigate the possibility of other practical applications of this design.  
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APPENDICES . 
 
Appendix A: Micro-CMM detailed design drawings 
Micrometrology coordinate measurement machine comprises a  
(1) frame  
(2) three parallel upright frame members supporting  
(3) three movable legs  
(4) runner blocks  
(5) probe support unit  
(6) spherical joint  
(7) support drive mechanism 
(8) linear motors 
(9) laser sensors  
(10) probe  
(11) centre of a probe ball 
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Figure A. 3 
 
 
Figure A. 4 
  
3 
8 9 
8 
10 
11 
Stellenbosch University  http://scholar.sun.ac.za
  
135 
 
 
 
 
 
Figure A.5: Kinematic parameters of leg i 
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Appendix A-1: Detailed design drawings for the novel micro-CMM parts 
 
The novel micro-CMM 
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PROBE CARRYING UNIT  
Stellenbosch University  http://scholar.sun.ac.za
  
138 
 
MOTOR BRACKETS  
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LASER SENSOR HOLDER  
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LASER SENSOR PLATE 
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LASER SENSOR ADJUSTMENT SYSTEM 
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MOTOR HOLDER 
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Appendix A-2: Detailed design drawings for the initial micro-CMM prototype 
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Appendix B: Program code solvers 
Appendix B-1: Code for the DPKM solver 
import sympy 
import mpmath 
from mpmath import pi, sqrt, sin, cos, tan, acos 
from sympy import Matrix, S, Eq, solve 
import sys 
import scipy 
 
' Direct Kinematic Model DPKM analytical solution' 
 
z1=float(sys.argv[1]) 
z2=float(sys.argv[2]) 
z3=float(sys.argv[3]) 
r1=float(sys.argv[4]) 
r2=float(sys.argv[5]) 
r3=float(sys.argv[6]) 
 
x1= ((0.0075 *z1 +  148.59  -erx1)) 
x2= ((0.0082 *z2 +  -253.75 -erx2)) 
x3= ((0.0069 *z3 +  140.74  -erx3)) 
y1= (((0.0201 *z1 +  3.3691) -ery1)) 
y2= ((0.0192 *z2 +  -220.11 -ery2)) 
y3= ((0.0153 *z3 +  -454.53 -ery3)) 
 
x12=x1-x2 
y12=y1-y2 
x13=x1-x3 
y13=y1-y3 
 
l12=(x12**2+y12**2) 
l13=(x13**2+y13**2) 
r12=(r1**2+r2**2-2*r1*r2*cos(75.5224878140701*pi/180)) 
r13=(r1**2+r3**2-2*r1*r3*cos(75.5224878140701*pi/180)) 
 
c1= r1**2-x1**2-y1**2-z1**2 
c2= r2**2-x2**2-y2**2-z2**2 
c3= r3**2-x3**2-y3**2-z3**2 
c21=c2-c1 
c31=c3-c1 
 
A=((c21/(2*z2))-(c31/(2*z3)))/(x12/z2-x13/z3) 
B=(y12/z2-y13/z3)/(x12/z2-x13/z3) 
D=(y12/z2)-B*(x12/z2) 
F=A*(x12/z2) - c21/(2*z2) 
 
k= 1 + B**2 + D**2 
l= 2*D*F + 2*x1*B - 2*A*B - 2*y1 
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m= A**2 + F**2 - 2*x1*A - c1 
 
Y1= (-l +sqrt(l**2-4*k*m))/(2*k) 
Y2= (-l -sqrt(l**2-4*k*m))/(2*k) 
 
X1= A - B*Y1 
X2= A - B*Y2 
Z1= F + D*Y1 
Z2= F + D*Y2 
 
print ("1st point x,y,z"), X1,Y1,Z1 
print ("2nd point x,y,z"), X2,Y2,Z2  
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Appendix B-2: Code for the IPKM solver 
import sympy 
import mpmath 
from mpmath import pi, sqrt, sin, cos, tan, acos 
from sympy import Matrix, S, Eq, solve 
import sys 
import scipy 
from scipy import optimize 
from scipy.optimize import fsolve 
 
‘Inverse kinematic solver’ 
 
z1=float(sys.argv[1]) 
z2=float(sys.argv[2]) 
z3=float(sys.argv[3]) 
 
r1=float(sys.argv[4]) 
r2=float(sys.argv[5]) 
r3=float(sys.argv[6]) 
 
x1= ((0.0075 *z1 +  148.59  -erx1)) 
x2= ((0.0082 *z2 +  -253.75 -erx2)) 
x3= ((0.0069 *z3 +  140.74  -erx3)) 
y1= (((0.0201 *z1 +  3.3691) -ery1)) 
y2= ((0.0192 *z2 +  -220.11 -ery2)) 
y3= ((0.0153 *z3 +  -454.53 -ery3)) 
 
def funcC(xyz): 
    out =     [((x1-xyz[0])**2+(y1-xyz[1])**2+(z1-xyz[2])**2)-r1**2] 
    out.append(((x2-xyz[0])**2+(y2-xyz[1])**2+(z2-xyz[2])**2)-r2**2) 
    out.append(((x3-xyz[0])**2+(y3-xyz[1])**2+(z3-xyz[2])**2)-r3**2) 
    return out 
P = scipy.optimize.fsolve(funcC, [40,40,40]) 
 
print str("%3.3f"%P[0]).zfill(7), str("%3.3f"%P[1]).zfill(7), str("%3.3f"%P[2]).zfill(7) 
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Appendix B-3: Code for the workspace 
from mpl_toolkits.mplot3d import Axes3D 
from matplotlib import cm 
from matplotlib.ticker import LinearLocator, FixedLocator, FormatStrFormatter 
import matplotlib.pyplot as plt 
import numpy as np 
 
‘ Workspace calculation’ 
 
y1= 0 
y2= 250 
y3= -250 
di=y2*tan(60*pi/180) 
x1=di*2/3 
x2=-(x1/2)+1 
x3=-x1/2 
 
lmin = 350.0 
lmax = 550.0 
fig = plt.figure() 
ax = fig.gca(projection='3d') 
from enthought.mayavi import mlab 
x=[] 
y=[] 
z=[] 
s=[] 
size=10 
Xmin=-100 
Xmax=288 
#Ymin=-200 
dx=dy=dz=4 
Zin=100000.0 
Zax=0.0 
Yax=0.0 
Yx=Xx=Zx=0.0 
Yn=Xn=Zn=10000 
for X in range (Xmin, Xmax, dx): 
    Ymax=int((Rp1-X)*np.tan(30*np.pi/180.0)) 
    Ymin=int(-Ymax) 
    for Y in range (Ymin, Ymax, dy): 
        Zmin = (lmin**2-(X-x1)**2-(Y-y1)**2)**0.5 
        if Zmin>0.0: 
            l1 = ((X-x1)**2+(Y-y1)**2+Zmin**2)**0.5 
            l2 = ((X-x2)**2+(Y-y2)**2+Zmin**2)**0.5 
            l3 = ((X-x3)**2+(Y-y3)**2+Zmin**2)**0.5 
            #print l1,l2,l3 
            if l1<lmin or l2<lmin or l3<lmin or l1>lmax or l2>lmax or l3>lmax: 
                p=0#print 'l1,l2,l3' 
            else: 
                if Y>Yx: Yx=Y 
                if Y<Yx: Yn=Y 
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                if X>Xx: Xx=X 
                if X<Xn: Xn=X 
                if Zmin>Zx: Zx=Zmin 
                if Zmin<Zn: Zn=Zmin         
                Z = Zmin 
                x.append(X) 
                y.append(Y) 
                z.append(Z) 
                s.append(size) 
        if Zmin<Zin: Zin=Zmin 
        Zmin = (lmin**2-(X-x2)**2-(Y-y2)**2)**0.5 
        if Zmin>0.0: 
            l1 = ((X-x1)**2+(Y-y1)**2+Zmin**2)**0.5 
            l2 = ((X-x2)**2+(Y-y2)**2+Zmin**2)**0.5 
            l3 = ((X-x3)**2+(Y-y3)**2+Zmin**2)**0.5 
            if l1<lmin or l2<lmin or l3<lmin or l1>lmax or l2>lmax or l3>lmax: 
                p=0 
            else: 
                if Y>Yx: Yx=Y 
                if Y<Yx: Yn=Y 
                if X>Xx: Xx=X 
                if X<Xn: Xn=X 
                if Zmin>Zx: Zx=Zmin 
                if Zmin<Zn: Zn=Zmin 
                Z = Zmin 
                x.append(X) 
                y.append(Y) 
                z.append(Z) 
                s.append(size) 
        if Zmin<Zin: Zin=Zmin 
        Zmin = (lmin**2-(X-x3)**2-(Y-y3)**2)**0.5 
        if Zmin>0.0: 
            l1 = ((X-x1)**2+(Y-y1)**2+Zmin**2)**0.5 
            l2 = ((X-x2)**2+(Y-y2)**2+Zmin**2)**0.5 
            l3 = ((X-x3)**2+(Y-y3)**2+Zmin**2)**0.5 
            if l1<lmin or l2<lmin or l3<lmin or l1>lmax or l2>lmax or l3>lmax: 
                p=0 
            else: 
                if Y>Yx: Yx=Y 
                if Y<Yx: Yn=Y 
                if X>Xx: Xx=X 
                if X<Xn: Xn=X 
                if Zmin>Zx: Zx=Zmin 
                if Zmin<Zn: Zn=Zmin 
                #print l1,l2,l3 
                Z = Zmin 
                x.append(X) 
                y.append(Y) 
                z.append(Z) 
                s.append(size) 
        if Zmin<Zin: Zin=Zmin 
        Zmax = (lmax**2-(X-x1)**2-(Y-y1)**2)**0.5 
        if Zmax > 0.0: 
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            l1 = ((X-x1)**2+(Y-y1)**2+Zmax**2)**0.5 
            l2 = ((X-x2)**2+(Y-y2)**2+Zmax**2)**0.5 
            l3 = ((X-x3)**2+(Y-y3)**2+Zmax**2)**0.5 
            if l1>lmax or l2>lmax or l3>lmax or l1<lmin or l2<lmin or l3<lmin: 
                p=0 
            else: 
                if Y>Yx: Yx=Y 
                if Y<Yx: Yn=Y 
                if X>Xx: Xx=X 
                if X<Xn: Xn=X 
                if Zmax>Zx: Zx=Zmax 
                if Zmax<Zn: Zn=Zmax 
                Z = Zmax 
                x.append(X) 
                y.append(Y) 
                z.append(Z) 
                s.append(size) 
        if Zmax>Zax: Zax=Zmax 
        Zmax = (lmax**2-(X-x2)**2-(Y-y2)**2)**0.5 
        if Zmax > 0.0: 
            l1 = ((X-x1)**2+(Y-y1)**2+Zmax**2)**0.5 
            l2 = ((X-x2)**2+(Y-y2)**2+Zmax**2)**0.5 
            l3 = ((X-x3)**2+(Y-y3)**2+Zmax**2)**0.5 
            if l1>lmax or l2>lmax or l3>lmax or l1<lmin or l2<lmin or l3<lmin: 
                p=0 
            else: 
                if Y>Yx: Yx=Y 
                if Y<Yx: Yn=Y 
                if X>Xx: Xx=X 
                if X<Xn: Xn=X 
                if Zmax>Zx: Zx=Zmax 
                if Zmax<Zn: Zn=Zmax 
                Z = Zmax 
                x.append(X) 
                y.append(Y) 
                z.append(Z) 
                s.append(size) 
        if Zmax>Zax: Zax=Zmax 
        Zmax = (lmax**2-(X-x3)**2-(Y-y3)**2)**0.5 
        if Zmax > 0.0: 
            l1 = ((X-x1)**2+(Y-y1)**2+Zmax**2)**0.5 
            l2 = ((X-x2)**2+(Y-y2)**2+Zmax**2)**0.5 
            l3 = ((X-x3)**2+(Y-y3)**2+Zmax**2)**0.5 
            if l1>lmax or l2>lmax or l3>lmax or l1<lmin or l2<lmin or l3<lmin: 
                p=0 
            else: 
                if Y>Yx: Yx=Y 
                if Y<Yx: Yn=Y 
                if X>Xx: Xx=X 
                if X<Xn: Xn=X 
                if Zmax>Zx: Zx=Zmax 
                if Zmax<Zn: Zn=Zmax 
                Z = Zmax 
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                x.append(X) 
                y.append(Y) 
                z.append(Z) 
                s.append(size) 
        if Zmax>Zax: Zax=Zmax 
    for k in range (0,450,dz): 
        l1 = ((X-x1)**2+(Ymax-y1)**2+k**2)**0.5 
        l2 = ((X-x2)**2+(Ymax-y2)**2+k**2)**0.5 
        l3 = ((X-x3)**2+(Ymax-y3)**2+k**2)**0.5 
        if l1>lmax or l2>lmax or l3>lmax or l1<lmin or l2<lmin or l3<lmin: 
            p=0 
        else: 
            if Y>Yx: Yx=Y 
            if Y<Yx: Yn=Y 
            if X>Xx: Xx=X 
            if X<Xn: Xn=X 
            if Zmax>Zx: Zx=Zmax 
            if Zmax<Zn: Zn=Zmax 
            #print l1,l2,l3 
            Z = k 
            x.append(X) 
            y.append(Ymax) 
            z.append(Z) 
            s.append(size) 
        l1 = ((X-x1)**2+(Ymin-y1)**2+k**2)**0.5 
        l2 = ((X-x2)**2+(Ymin-y2)**2+k**2)**0.5 
        l3 = ((X-x3)**2+(Ymin-y3)**2+k**2)**0.5 
        if l1>lmax or l2>lmax or l3>lmax or l1<lmin or l2<lmin or l3<lmin: 
            p=0 
        else: 
            if Y>Yx: Yx=Y 
            if Y<Yx: Yn=Y 
            if X>Xx: Xx=X 
            if X<Xn: Xn=X 
            if Zmax>Zx: Zx=Zmax 
            if Zmax<Zn: Zn=Zmax 
            Z = k 
            x.append(X) 
            y.append(Ymin) 
            z.append(Z) 
            s.append(size) 
xb=[] 
yb=[] 
zb=[] 
sb=[] 
ZU=325 
ZL=426 
XL=-50 
XU=50 
YL=-50 
YU=50 
d=2 
for X in range (-50, 51, d): 
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    for Y in range (-50, 51, d): 
        xb.append(X) 
        yb.append(Y) 
        zb.append(ZU) 
        sb.append(size) 
        xb.append(X) 
        yb.append(Y) 
        zb.append(ZL) 
        sb.append(size) 
for X in range (-50, XU, d): 
    for Z in range (ZU, ZL, d): 
        xb.append(X) 
        yb.append(YU) 
        zb.append(Z) 
        sb.append(size) 
        xb.append(X) 
        yb.append(YL) 
        zb.append(Z) 
        sb.append(size) 
for Z in range (ZU, ZL, d): 
    for Y in range (-50, 51, d): 
        xb.append(XU) 
        yb.append(Y) 
        zb.append(Z) 
        sb.append(size) 
        xb.append(XL) 
        yb.append(Y) 
        zb.append(Z) 
        sb.append(size) 
print Xmin, Xmax, Zmin, Zmax 
print Zin,Zax 
print Xn,Xx,Yx,Zn,Zx 
S = mlab.points3d(x,y,z,s, line_width=1.0, colormap='Greys', scale_factor=.25) 
S = mlab.points3d(xb,yb,zb,sb, line_width=1.0, colormap='RdBu', scale_factor=.25) 
 
mlab.show() 
print 'done' 
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Appendix B-4: Code for the analytical error model solver 
import numpy as np 
import scipy as sp 
import mpmath 
from mpmath import pi, sqrt, sin, cos, tan, acos 
import sympy as S 
from numpy import array 
from sympy import simplify 
import sys 
from sympy import re, im 
from numpy import * 
 
‘ Analytical Error Model’ 
 
cost1,cost2,cost3,X,Y,Z,x1,x2,x3,y1,y2,y3,z1,z2,z3,r1,r2,r3,z1n= 
S.symbols("cost1,cost2,cost3,X,Y,Z,x1,x2,x3,y1,y2,y3,z1,z2,z3,r1,r2,r3,z1n") 
Pv = [ x1,x2,x3,y1,y2,y3,z1,z2,z3,r1,r2,r3]#,fi1,fi2,fi3 ] 
dx1=dx2=dx3=dy1=dy2=dy3=(0.05/3)**2 
dz1=(0.25/3.0)**2 
dz2=(0.25/3.0)**2 
dz3=(0.25/3.0)**2 
dr1=(0.2/3.0)**2 
dr2=(0.2/3.0)**2 
dr3=(0.2/3.0)**2 
ab1a=ab1b=ab2a=ab2b=ab3a=ab3b=0.005 
offset=0.015 
z1=float(sys.argv[1]) 
z2=float(sys.argv[2]) 
z3=float(sys.argv[3]) 
r1=float(sys.argv[4]) 
r2=float(sys.argv[5]) 
r3=float(sys.argv[6]) 
dr1=dr1+tan(ab1b*pi/180)*offset 
dr2=dr2+tan(ab2b*pi/180)*offset 
dr3=dr3+tan(ab3b*pi/180)*offset 
dSD = [ dx1,dx2,dx3,dy1,dy2,dy3,dz1,dz2,dz3,dr1,dr2,dr3 ] 
r12=(r1**2+r2**2-2*r1*r2*cost1) 
r13=(r1**2+r3**2-2*r1*r3*cost3) 
r23=(r2**2+r3**2-2*r2*r3*cost2) 
c1= r1**2-x1**2-y1**2-z1**2 
c2= r2**2-x2**2-y2**2-z2**2 
c3= r3**2-x3**2-y3**2-z3**2 
c21=c2-c1 
c31=c3-c1 
x12=((x1-x2)); y12=((y1-y2)) 
x23=((x2-x3)); y23=((y2-y3)) 
x13=((x1-x3)); y13=((y1-y3)) 
l12=((x12**2+y12**2))#'distance at zero' 
l23=((x23**2+y23**2)) 
l13=((x13**2+y13**2)) 
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A=((c21/(2*z2))-(c31/(2*z3)))/(x12/z2-x13/z3) 
B=(y12/z2-y13/z3)/(x12/z2-x13/z3) 
D=(y12/z2)-B*(x12/z2) 
F=A*(x12/z2) - c21/(2*z2) 
 
k= 1 + B**2 + D**2 
l= 2*D*F + 2* x1 *B - 2*A*B - 2* y1 
m= A**2 + F**2 - 2* x1 *A - c1 
 
Y1= (-l +(abs(l**2-4*k*m))**0.5)/(2*k) 
Y2= (-l -(abs(l**2-4*k*m))**0.5)/(2*k) 
 
X1= A - B*Y1 
X2= A - B*Y2 
Z1= (F + D*Y1)#+z1n 
Z2= (F + D*Y2)#+z1n 
 
X=X2;Y=Y2;Z=Z2+z1n 
cost1= cos(bita1*pi/180) 
cost3= cos(bita3*pi/180) 
erx1=-0.160;  erx2=-0.125;  erx3=0.271 
ery1=0.0951; ery2=-0.059;  ery3=0.0315### 
lv12=(abs(r12))**0.5 
ga2=-253.750-erx2 
gb2=-220.110-ery2 
ec12=x1-ga2 
ec22=y1-gb2 
ea2=0.008**2+0.019**2+1 
eb2=-((2*ec12*0.008+2*ec22*0.019+2*z1)) 
ec2=z1**2+ec12**2+ec22**2-lv12**2 
z2a=(-eb2+(abs(eb2**2-4*ea2*ec2))**0.5)/(2*ea2) 
z2b=(-eb2-(abs(eb2**2-4*ea2*ec2))**0.5)/(2*ea2) 
 
lv13=(abs(r13))**0.5 
ga3=140.740#-erx3 
gb3=-454.53#0-ery3 
ec13=x1-ga3 
ec23=y1-gb3 
ea3=0.0069**2+0.0153**2+1 
eb3=-(2*ec13*0.007+2*ec23*0.015+2*z1) 
ec3=z1**2+ec13**2+ec23**2-lv13**2 
z3a=(-eb3+(abs(eb3**2-4*ea3*ec3))**0.5)/(2*ea3) 
z3b=(-eb3-(abs(eb3**2-4*ea3*ec3))**0.5)/(2*ea3) 
z2=eval(repr(z2b));z3=eval(repr(z3b)) 
if pz2==-1: z2=eval(repr(z2a)) 
if pz3==-1: z3=eval(repr(z3a)) 
x1= ((0.0075 *z1 +  148.59  -erx1)) 
x2= ((0.0082 *z2 +  -253.75 -erx2)) 
x3= ((0.0069 *z3 +  140.74  -erx3)) 
y1= (((0.0201 *z1 +  3.3691) -ery1)) 
y2= ((0.0192 *z2 +  -220.11 -ery2)) 
y3= ((0.0153 *z3 +  -454.53 -ery3)) 
z2=((z2-z1)) 
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z3=((z3-z1)) 
z1n=z1 
z1=0.0 
x12=((x1-x2)); y12=((y1-y2)) 
x23=((x2-x3)); y23=((y2-y3)) 
x13=((x1-x3)); y13=((y1-y3)) 
l12=((x12**2+y12**2)) 
l23=((x23**2+y23**2)) 
l13=((x13**2+y13**2)) 
DX=0.0 
DY=0.0 
DZ=0.0 
dYP= [] 
dXP= [] 
dZP= [] 
SDP = np.zeros((12,12)) 
J = np.zeros((3,12)) 
for i in range(0,12): 
J[1,i]=eval(repr(S.diff(Y,Pv[i]))) 
J[0,i]=eval(repr(S.diff(X,Pv[i]))) 
J[2,i]=eval(repr(S.diff(Z,Pv[i]))) 
SDP[i,i]= dSD[i]#(0.050/3.0)**2 
JT=J.T 
JT=np.mat(JT) 
J=np.mat(J) 
SDP=np.mat(SDP) 
COV=J*SDP*JT 
print 'SD x,y,z', '%.6f'% sqrt(COV[0,0]),'%.6f'% (sqrt(COV[1,1])),'%.6f'% sqrt(COV[2,2]) 
    
for i in range(0,12): 
DY= DY + dSD[i]*J[1,i]#((dYP[i])) 
DX= DX + dSD[i]*J[0,i]#((dXP[i]))) 
DZ= DZ + dSD[i]*J[2,i]#((dZP[i]))) 
print 'Y=','%.3f' %eval(repr(Y))#,eval(repr(Y1)),eval(repr(Y2)) 
print 'X=','%.3f' %eval(repr(X))#,eval(repr(X1)),eval(repr(X2)) 
print 'Z=','%.3f' %eval(repr(Z))#,eval(repr(Z1)),eval(repr(Z2)) 
print '%.6f' %DX,'%.6f' %DY,'%.6f' %DZ 
 
print ("done")  
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Appendix B-5: Code for the Monte-Carlo simulation 
import sympy 
import mpmath 
import numpy as np  
from mpmath import pi, sqrt, sin, cos, tan, acos 
from sympy import Matrix, S, Eq, solve 
import sys 
import scipy 
import matplotlib 
matplotlib.use('TkAgg') # do this before importing pylab 
import matplotlib.mlab as mlab 
import matplotlib.pyplot as plt 
 
     ‘Monte-Carlo simulation’ 
 
    bita1=68.737; bita2=68.564; bita3=68.616 
    cost1= cos(bita1*pi/180) 
    cost2= cos(bita2*pi/180) 
    cost3= cos(bita3*pi/180) 
 
    r12=(r1**2+r2**2-2*r1*r2*cost1) 
    r13=(r1**2+r3**2-2*r1*r3*cost3) 
    r23=(r2**2+r3**2-2*r2*r3*cost2) 
 
    x1= 0.0075 *z1 +  148.59   
    x2= 0.0082 *z2 +  -253.75  
    x3= 0.0069 *z3 +  140.74   
    y1= 0.0201 *z1 +  3.3691   
    y2= 0.0192 *z2 +  -220.11  
    y3= 0.0153 *z3 +  -454.53  
 
    x12=x1-x2; y12=y1-y2 
    x23=x2-x3; y23=y2-y3 
    x13=x1-x3; y13=y1-y3 
 
    lv12=(abs(r12))**0.5 
    ga2=-253.750-erx2 
    gb2=-220.110-ery2 
    ec12=x1-ga2 
    ec22=y1-gb2 
    ea2=0.008**2+0.019**2+1 
    eb2=-((2*ec12*0.008+2*ec22*0.019+2*z1)) 
    ec2=z1**2+ec12**2+ec22**2-lv12**2 
    z2a=(-eb2+(abs(eb2**2-4*ea2*ec2))**0.5)/(2*ea2) 
    z2b=(-eb2-(abs(eb2**2-4*ea2*ec2))**0.5)/(2*ea2) 
 
    lv13=(abs(r13))**0.5 
    ga3=140.740-erx3 
    gb3=-454.530-ery3 
    ec13=x1-ga3 
    ec23=y1-gb3 
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    ea3=0.007**2+0.015**2+1 
    eb3=-(2*ec13*0.007+2*ec23*0.015+2*z1) 
    ec3=z1**2+ec13**2+ec23**2-lv13**2 
    z3a=(-eb3+(abs(eb3**2-4*ea3*ec3))**0.5)/(2*ea3) 
    z3b=(-eb3-(abs(eb3**2-4*ea3*ec3))**0.5)/(2*ea3) 
         
    z2=((z2a));z3=((z3a)) 
    if p>1: z2=((z2b)) 
    if p>3: z3=((z3b)) 
 
    z1n=z1 
    z2=z2-z1 
    z3=z3-z1 
    z1=0 
 
    c1= r1**2-x1**2-y1**2-z1**2 
    c2= r2**2-x2**2-y2**2-z2**2 
    c3= r3**2-x3**2-y3**2-z3**2 
    c21=c2-c1 
    c31=c3-c1 
    A=((c21/(2*z2))-(c31/(2*z3)))/(x12/z2-x13/z3) 
    B=(y12/z2-y13/z3)/(x12/z2-x13/z3) 
    D=(y12/z2)-B*(x12/z2) 
    F=A*(x12/z2) - c21/(2*z2) 
 
    k= 1 + B**2 + D**2 
    l= 2*D*F + 2* x1 *B - 2*A*B - 2* y1 
    m= A**2 + F**2 - 2* x1 *A - c1 
 
    Y1= (-l +sqrt(abs(l**2-4*k*m)))/(2*k) 
    Y2= (-l -sqrt(abs(l**2-4*k*m)))/(2*k) 
 
    X1= A - B*Y1 
    X2= A - B*Y2 
    Z1= F + D*Y1 
    Z2= F + D*Y2 
    X=X2;Y=Y2;Z=Z2+z1n 
    if p>3: X=X1;Y=Y1;Z=Z1+z1n 
 
    print '%.3f'%X,'%.3f'%Y,'%.3f'%(Z) 
 
    dx1=dx2=dx3=0.05 
    dy1=dy2=dy3=0.05 
    dz1=0.25;    dz2=0.25;     dz3=0.25 
    dr1=0.15 
    dr2=0.15 
    dr3=0.15 
    ab1a=ab1b=ab2a=ab2b=ab3a=ab3b=0.011 
    offset=0.005 
 
    dr1=dr1+tan(ab1b*pi/180)*offset 
    dr2=dr2+tan(ab2b*pi/180)*offset 
    dr3=dr3+tan(ab3b*pi/180)*offset 
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    dr1=dr1+(r1-r1*cos(ab1a*pi/180)*cos(ab1b*pi/180)) 
    dr2=dr2+(r2-r2*cos(ab2a*pi/180)*cos(ab3b*pi/180)) 
    dr3=dr3+(r3-r3*cos(ab3a*pi/180)*cos(ab3b*pi/180)) 
    dfi1=0.0#005/2.0 
    dfi2=0.0#005/2.0 
    dfi3=0.0#005/2.0 
 
    YP= [] 
    XP= [] 
    ZP= [] 
    Xmin=Xmax=X 
    Ymin=Ymax=Y 
    Zmin=Zmax=Z 
    SmX=0.0 
    SmY=0.0 
    SmZ=0.0 
    N=50000 
    estimate=Z 
    count=0 
    for i in range(0,N): 
        ex1=(np.random.random())*(2.0*dx1)+(x1-dx1) 
        ex2=(np.random.random())*(2.0*dx2)+(x2-dx2) 
        ex3=(np.random.random())*(2.0*dx3)+(x3-dx3) 
        ey1=(np.random.random())*(2.0*dy1)+(y1-dy1) 
        ey2=(np.random.random())*(2.0*dy2)+(y2-dy2) 
        ey3=(np.random.random())*(2.0*dy3)+(y3-dy3) 
        er1=(np.random.random())*(2.0*dr1)+(r1-dr1) 
        er2=(np.random.random())*(2.0*dr2)+(r2-dr2) 
        er3=(np.random.random())*(2.0*dr3)+(r3-dr3) 
        ez1=(np.random.random())*(2.0*dz1)+(z1-dz1) 
        ez2=(np.random.random())*(2.0*dz2)+(z2-dz2) 
        ez3=(np.random.random())*(2.0*dz3)+(z3-dz3) 
 
        ec1= er1**2-ex1**2-ey1**2-ez1**2 
        ec2= er2**2-ex2**2-ey2**2-ez2**2 
        ec3= er3**2-ex3**2-ey3**2-ez3**2 
        ec21=ec2-ec1 
        ec31=ec3-ec1 
         
        x12=ex1-ex2 
        y12=ey1-ey2 
        x13=ex1-ex3 
        y13=ey1-ey3 
 
        A= ((ec21/(2*ez2))-(ec31/(2*ez3)))/((x12/ez2-x13/ez3)) 
        B= (y12/ez2-y13/ez3)/((x12/ez2-x13/ez3)) 
        D= (y12/ez2)-B*(x12/ez2) 
        F= A*(x12/ez2) - ec21/(2*ez2) 
 
        k= 1 + B**2 + D**2 
        l= 2*D*F + 2*ex1*B - 2*A*B - 2*ey1 
        m= A**2 + F**2 - 2*ex1*A - ec1 
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        Y1= (-l +sqrt(abs(l**2-4*k*m)))/(2*k) 
        Y2= (-l -sqrt(abs(l**2-4*k*m)))/(2*k) 
 
        X1= A - B*Y1 
        X2= A - B*Y2 
        Z1= F + D*Y1 
        Z2= F + D*Y2 
        X=X2;Y=Y2;Z=Z2+z1n 
        if p>3: X=X1;Y=Y1;Z=Z1+z1n 
        if abs(Z)>(abs(estimate) +3) or abs(Z)<(abs(estimate) -3): 
            print 'wrong' 
        else: 
            XP.append(X) 
            YP.append(Y) 
            ZP.append(Z) 
            count=count+1 
            if X<Xmin:Xmin=X 
            if Y<Ymin:Ymin=Y 
            if Z<Zmin:Zmin=Z 
            if X>Xmax:Xmax=X 
            if Y>Ymax:Ymax=Y 
            if Z>Zmax:Zmax=Z 
            SmX=SmX+X 
            SmY=SmY+Y 
            SmZ=SmZ+Z 
    MX= np.median(XP) 
    MY= np.median(YP) 
    MZ= np.median(ZP) 
         
    XSD= np.std(XP) 
    YSD= np.std(YP) 
    ZSD= np.std(ZP) 
    Xvr= np.var(XP) 
    Yvr= np.var(YP) 
    Zvr= np.var(ZP) 
 
    avX=SmX/count 
    avY=SmY/count 
    avZ=SmZ/count 
 
    sumx=0 
    sumy=0 
    sumz=0 
    for i in range(0,count): 
        sumx=sumx+(XP[i]-avX)**2 
        sumy=sumy+(YP[i]-avY)**2 
        sumz=sumz+(ZP[i]-avZ)**2 
         
    sdX=(sumx/(count-1))**0.5 
    sdY=(sumy/(count-1))**0.5 
    sdZ=(sumz/(count-1))**0.5 
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    print '%.3f'%X,'%.3f'%Y,'%.3f'%Z 
    print 'Standard deviations of X=','%.6f' %XSD,'   Y=','%.6f' %YSD,'    Z=','%.6f' %ZSD 
    #print 'variances X,Y,Z',Xvr,Yvr,Zvr 
 
    print 'min X,Y,Z', '%.3f' %Xmin,'%.3f' %Ymin,'%.3f' %Zmin 
    print 'max X,Y,Z', '%.3f' %Xmax,'%.3f' %Ymax,'%.3f' %Zmax 
    errorX=Xmax-Xmin 
    errorY=Ymax-Ymin 
    errorZ=Zmax-Zmin 
    print 'error value max-min', '%.3f' %(errorX/2),'%.3f' %(errorY/2),'%.3f' %(errorZ/2) 
 
    print MX,'Standard deviations of X=',XSD,'   Y=',YSD,'    Z=',YSD 
 
    matplotlib.pyplot.hist(YP, bins=50, facecolor='green') 
    plt.xlabel('Y-direction (mm)') 
    plt.ylabel('Probability') 
    plt.axis([Ymin, Ymax, 0, 0.03]) 
    plt.show() 
 
    print ("done") 
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Appendix C: Measurements data and calculations  
 
Table C-1: Dead distance calculation 
 
Point no. 
1 2 3 4 5 6 7 8 9 10 
la 329.341 328.815 328.544 329.751 329.636 329.650 329.626 329.504 328.247 328.334 
lb 326.345 321.724 321.926 323.827 323.569 324.003 325.917 327.787 324.870 323.749 
lc 324.235 324.403 324.620 324.093 324.137 324.320 324.374 324.338 326.411 326.021 
           
ra 35.408 34.853 34.657 35.622 35.552 35.550 35.551 35.553 34.154 34.300 
rb 36.443 31.847 32.014 34.111 33.513 34.217 35.906 37.947 34.908 33.812 
rc 34.801 35.104 35.389 34.758 34.740 34.866 34.903 34.856 36.991 36.600 
           
da 293.940 293.962 293.890 294.131 294.081 294.095 294.071 293.949 294.089 294.027 
db 289.904 289.884 289.916 289.717 290.059 289.793 290.016 289.845 289.965 289.939 
dc 289.430 289.299 289.237 289.339 289.397 289.460 289.471 289.485 289.416 289.421 
           Measurements in (mm) 
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Table C-2: Confirmation of micro-CMM measurements 
No. 
CMM micro-CMM 
-CMM 
x y z x y z 
1 14.982 -5.846 79.743 14.192 -5.627 80.298 -0.387 
2 29.992 -4.256 73.423 29.769 -4.027 73.719 -0.178 
3 48.318 -2.358 67.148 48.309 -2.116 67.36 -0.160 
4 27.666 -44.101 40.761 27.608 -44.124 40.824 -0.029 
5 31.588 -41.857 39.366 31.543 -41.88 39.422 -0.026 
6 -13.537 -7.822 93.342 -11.668 -7.631 92.564 1.034 
7 -48.378 -69.651 87.032 -47.323 -69.815 86.391 0.781 
8 
 
-29.866 -13.266 41.018 -29.172 -13.314 40.667 0.655 
9 -40.152 -14.874 47.561 -39.606 -14.925 47.277 0.541 
10 -50.786 -17.03 55.258 -50.331 -17.085 55.013 0.463 
11 -56.509 6.368 45.642 -56.09 6.406 45.476 0.425 
12 -3.557 20.509 68.49 -2.658 19.972 67.655 0.991 
13 -20.272 20.899 77.416 -19.931 20.349 76.835 0.765 
14 -26.03 20.951 80.788 -25.769 20.401 80.247 0.708 
15 -4.325 10.592 76.864 -2.279 11.115 76.301 0.570 
16 -16.812 10.256 83.423 -15.62 10.745 83.223 0.360 
17 -23.242 10.039 87.187 -22.21 10.515 87.047 0.339 
18 -31.225 68.995 54.807 -30.918 68.88 54.563 0.330 
19 -40.019 72.76 61.691 -39.743 72.643 61.454 0.330 
20 -48.061 74.359 67.496 -47.806 74.239 67.263 0.331 
21 -49.055 74.486 68.211 -48.802 74.366 67.979 0.330 
22 -47.942 7.343 39.329 -47.469 7.426 39.173 0.451 
23 8.043 21.7 63.267 8.389 21.135 62.715 0.656 
24 17.328 21.606 59.264 14.687 20.93 59.976 0.217 
25 12.461 11.092 69.158 10.496 11.546 70.468 -1.032 
26 -4.768 63.059 38.875 -4.309 62.959 38.589 0.262 
27 -16.908 65.49 45.617 -16.536 65.382 45.356 0.308 
28 23.859 11.474 64.405 23.335 11.957 65.046 -0.497 
29 16.458 -23.57 55.239 17.099 -24.808 55.152 -0.264 
30 64.864 18.69 89.578 64.355 18.669 89.725 0.155 
Measurements in (mm) 
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Table C-3: Error estimation and comparison 
No. -CMM 
-MC
3.
-AM
3.
1 0.387 0.718 0.729 
2 0.178 0.717 0.725 
3 0.160 0.719 0.719 
4 0.029 0.703 0.702 
5 0.026 0.703 0.702 
6 1.034 0.726 0.735 
7 0.781 0.709 0.713 
8 
 
0.655 0.74 0.738 
9 0.541 0.727 0.739 
10 0.463 0.737 0.74 
11 0.425 0.753 0.749 
12 0.991 0.736 0.743 
13 0.765 0.745 0.747 
14 0.708 0.738 0.748 
15 0.570 0.745 0.741 
16 0.360 0.738 0.743 
17 0.339 0.744 0.745 
18 0.330 0.757 0.762 
19 0.330 0.756 0.763 
20 0.331 0.767 0.764 
21 0.330 0.761 0.764 
22 0.451 0.743 0.748 
23 0.656 0.742 0.74 
24 0.217 0.741 0.739 
25 1.032 0.728 0.738 
26 0.262 0.758 0.757 
27 0.308 0.76 0.76 
28 0.497 0.733 0.734 
29 0.264 0.737 0.740 
30 0.155 0.740 0.748 
Measurements in (mm) 
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Appendix D: Instruments specifications and data sheets 
 
Includes the specifications and drawings of: 
D-1: TP8 manual indexable probe 
D-2: T-LSR300A Linear motor 
D-3: OptoNCDT 1302 Laser distance sensor  
D-4: FNS Runner block  
D-5: SNS Ball guide rail 
D-6: SRJ Spherical joints 
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D-1: TP8 manual indexable probe 
 
Specification summary TP8 
 
Principal application  Robust universal DCC and 
manual CMMs. 
Sense directions  5-axis: ±X, ±Y, +Z 
Unidirectional repeatability 
maximum (2s μm) (at stylus tip) 
0.5 μm (0.00002 in) 
 
Pre-travel variation 360° (xy plane)  ±1 μm (±0.00004 in) 
Weight (without shank)  95 g (3.36 oz) 
Stylus range  M3 
Stylus force range (adjustable)  0.11 N - 0.3 N 
Stylus force (set by renishaw)  0.11 N - 0.13 N 
Stylus overtravel      xy plane 
(typical)                           +z axis 
 
±22° 
5.5 mm (0.22 in) @ 0.11 N 
2 mm (0.08 in) @ 0.3 N 
Mounting method  Shank 
Suitable interface  PI 4-2, PI 7-2, PI 200, UCC 
 
Above data applies to test conditions as follows: Stylus length 21 mm (0.83 in). 
Stylus velocity 480 mm/min (1.57 ft/min). Stylus force 0.11-0.13 N. Ø4 ball. 
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D-2: T-LSR300A Motorized Linear Slide, 300 mm travel, RS-232 plus manual control 
Specification  Value Alternate Unit 
Microstep Size (Default Resolution) 0.09921875 µm  
Integrated Controller Yes  
Travel Range  300 mm 11.811 " 
Accuracy (unidirectional)  90 µm 0.003543 " 
Repeatability < 2.5 µm < 0.000098 " 
Backlash  < 5 µm < 0.000197 " 
Maximum Speed  4 mm/s 0.157 "/s 
Minimum Speed  0.00093 mm/s 0.00004 "/s 
Speed Resolution 0.00093 mm/s 0.00004 "/s 
Encoder Type  None  
Peak Thrust 300 N 67.3 lb 
Maximum Continuous Thrust 100 N 22.4 lb 
Communication Interface  RS-232  
Communication Protocol Zaber Binary  
Maximum Centered Load  200 N 44.9 lb 
Maximum Cantilever Load  800 N-cm 1,132.9 oz-in 
Guide Type  Roller bearing  
Vertical Runout < 13 µm < 0.000512 " 
Horizontal Runout < 13 µm < 0.000512 " 
Pitch 0.05 degrees 0.873 mrad 
Roll 0.01 degrees 0.175 mrad 
Yaw 0.02 degrees 0.349 mrad 
Power Supply 12-16 VDC  
Power Plug 2.1 mm center positive  
Linear Motion Per Motor Rev 1.27 mm 0.050 " 
Motor Steps Per Rev 200  
Motor Type Stepper (2 phase)  
Inductance 28 mH  
Default Resolution 1/64 of a step  
Data Cable Connection Minidin 6 M/F  
Mechanical Drive System Precision leadscrew  
Limit or Home Sensing Magnetic home sensor  
Manual Control Knob with center detent  
Axes of Motion 1  
Mounting Interface  M6 threaded holes and 8-32 
threaded holes 
 
Vacuum Compatible  No  
Compatible Products T-LS Motorized Stages, TSB 
Manual Translation Stages 
 
Operating Temperature Range  0 to 50 degrees C  
Stage Parallelism < 100 µm < 0.003937 " 
RoHS Compliant Yes  
CE Compliant Yes  
Weight  1.80 kg  
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Specification Charts and Notes 
Thrust is a function of speed. The values given are maximums. These values cannot both be achieved 
simultaneously (i.e. at maximum speed, the unit will not produce maximum thrust). See chart below. 
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D-3: OptoNCDT 1302 Laser distance sensor  
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D-4: FNS Runner block  
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D-5: SNS Ball guide rail 
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D-6: SRJ Spherical joints 
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